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PREFACE. 


The thesis presented consists of eight papers 
of which five and part of ahother have already been 
published, one is to be shortly published and the 
rest have been given here for the first time. All 
the papers are devoted, exclusively, to the classical 
aspect of Born's field theory. 

It is perhaps not necessary to state in this 
preface the salient features of this new field theory. 
An excellent and short account is given by Heitler in 
his book. "Quantum Theory of Radiation" and Born himself 
has given an elementary and illuminating account in 
his article "The Mysterious Number,137" (Proc. Ind.Acad. 
Sei., A.Vol.2 (1935), p.549 - 61). It may however be 
mentioned that while the classical part of the theory 
is very satisfactory, the quantisation does not appear 
to be free from fundamental difficulties, This is not 
very surprising either, for, recent work in positron 
theory and theory of cosmic showers has shown that it 
is quite important to introduce a characteristic length 


in the early stages of an Electro- -dynamical theory i.e, 


in the classical part. This is exactly what Born's 


field theory does. The knotty questions relating to 


" 2 
infinite self-energy" and “infinite self-force" which 
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are consequences of the non-intrOduction of such 4 
length, are easily eliminated in this theory. Also the 
old question of structure of the electron and the asso- 
ciated question of cohesive forces of non-electromagne- 
tic origin attacked in vain by Abraham, Poincare and 
others receive elegant solutions, thanks to the non- 
linear character of the theory. It can safely be said 
that, whatever its achievements might be hereafter, the 
Classical aspect of Born's field theory has come to 
acquire a permanent value as a new approach to problems 
of electrodynamics dealing with very high field strengths. 
It appears therefore worth while to carry out investiga- 
tions in this part of the theory and tackle problems 
amenable to it. Another reason, which at present, 
remains only a hope, for carrying out comprehensive work 
in this direction is the expectation that when the 
recently introduced Neutrino theory of light initiated 
by Jordan and,in another form, by De Broglie is developed 
So as to yield the field equations of electro-dynamics 
these latter will be in the form given by Born's theory. 
The eight papers in this thesis could be roughly 


Classified into two divisions, the first three being 


related to the physical aspect of the theory 
to the mathematical aspect. 


and the rest 


The first two papers add a 
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(iii) 
new type of problem that can be tackled by means of 
Born's field theory. The only problem so far dis- 
cussed in the theory in relation to the condition of 
"finite self-energy" is the special case of an electro- 
static field with central symmetry. These two papers 
add the case of axial symmetry in the zero-approxima- 
tion, i.e. the assumption that the field theory 
solutions valid in the atcha neighbourhood of the 
axial structure are to be super-posed on the Maxwellian 
solutions to calculate the self-energy. The method 
has been worked out with the several types 6f Born's 
Electro-dynamics and gives rise to concordant results 
proving the soundness of the method. It alse suggests 
that Kramer's idea of explaining the spin of the elec- 
tron on purely classical notions is not consistent with 
the principles of the unitary field theory and points 
out that 411 models, except perhaps that of the point- 
Singularity, are unsuitable for the representation of 
the elementary particles. The third paper which 
treats of the radiation perturbation in the central 
field of the one-electron problem serves to bring out 
clearly the characteristic feature of Born's theory 


which derives, purely classically, several results 


(iv) 

which could be dealt with by quatum methods. It has 
been shown by Meixner (Ann.Ber Phys.1935,23,371 and 
1936,27,389) that the effect of the interaction of 
the electron and its radiation field could be accounted 
for on Dirac's theory of radiation by using the methods 
of Weisskopf and Wigner. The work in this paper keds 
leads to identical conclusions by using the totally 
different classical method of Born's theory in a very 
much simpler way. Another case where this feature of 
Born's field theory is exhibited is the case of sca- 
ttering of light by light, first suggested by Debye. 
Euler and Kockel have explained this on Dirac’s positron 
theory and also indicated the parallelism with Born's 
theory. I have shown in the sixth paper how this 
parallelism can be carried still further to a general 
type of Born's Electro-dynamics. 

The remaining papers of a mathematical nature 
deal with questions of relativistic invariance, several 


types of representations of the theory and of genera- 


lised Electro-dynamics. The fourth paper Supplies a 


necessary proof of relativistic (Lorentz) invariance 
of the field equations and for this purpose the ordinary 
tensor theory is founda insufficient and use is made of 


om) + i ; 
Einstein-Mayer's Ssemi-vector theory. This paper is 
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perhaps the unique case where semi-vectors ( as 
opposed to spinors) are applied in any particular 
investigation of this nature. 

The fifth paper proves the uniqueness of Born's 
action-function under specified condititms, The sixth 
paper on general types of action functions in Born's 

electro-dynamics carries the work of Infeld one step 
further and adds one more degree of freedom in the 
choice of suitable action-functions for the theory. 
While the physical significance of this ambiguity is 
not quite clear, the added degree of freedom greatly 
enhances the beauty of the matematical formalism. — 
This generalisation has brought out close connections 
with the complex formalism of the theory developed by 
Weiss and goes quite deep into the several invariants 
of Born's Electro-dynamics. in particular,it might 
be noticed that while the original Born-Infeld action 
function was in an irrational (square-root) form, and 
Schrodinger's representation gave it a rational form, 
the present paper gives a form expressed in terms of 


transcendental functions. 


The last two papers are concerned with the 


complex representations of the theory. The seventh 


paper is confined to Schrodinger's representation and 
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extends his results to the VU and V - representa- 
tions wherein the Lagrangian takes, instead of the 
rational form of Schrodinger, again the square root 
form of Born's earjiest expression. The last paper 

on biquaternion representation extends the results of 
Watson by means of alternative representations, and 
the application of biquaternions to generalised action 
functions, introducing in particular the notion of 
logarithm of a biquaternion for a certain complex in- 
variant. 

The last five papers serve to bring out the rich- 
ness and variety from a mathematical point of view of 
the methods of Born's Electro-dynamics, and may perhaps 
prove useful in the case of an eventual application of 
the considerations treated in them to quantum electro- 
dynamics. 

I have benefitted very greatly in the preparation 
of this thesis to the published works of Born, Infeld, 
Pryce, Hoffmann, Weiss, and Watson from which I have 
drawn freely. My acknowledgements to Prof.Born's help 
will be found insome of the papers composing this 
thesis. I am greatly indebted to him for 


his encourage- 
ment and kind interest in my work, 
I have not thou 
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bibliography at the end of the Thesis since copious 
references to relevant literature on the subject are 


given in the footnotes of the individual papers. 
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Reprinted from “The Proceedings of the Indian Academy of Sciences”, 
Vol. IV, No. 3, Sec. A, 1936. 


RING-SINGULARITY IN BORN’S UNITARY THEORY—I. 


By B. S. MADHAVA RAO. 
(University of Mysore.) 
(From the Department of Physics, Indian Institute of Science, Bangalore.) 


Received August 17, 1936. 


1. Introduction. 


In two papers on the unitary theory of field and matter Born’ has given a 
classical treatment of the derivation of the equations of motion of a point- 
singularity representing a particle. The chief assumption made is that the 
external field must be constant over the “‘ diameter ’’ of the particle. The 
method is to start from a variation principle representing both the motion 
of the field and the singularity, the latter part also being written as a space- 
time integral involving Dirac’s 6-function. In addition Born has also intro- 
duced a spin for the particle and given a derivation of Kramers’? formule 
on the basis of the unitary theory. A treatment on similar lines without 
however introducing the spin has also been given by Pryce? who starts with 
the Hamiltonian instead of the Lagrangian. 


In the second of the papers referred to above, Born has shown that the 
results obtained by Kramers are difficult to interpret on the basis of the 
unitary theory and shown that the difficulty disappears if the particle be 
assumed to have, besides the magnetic moment, a charge or an electric 
moment or both. This enables the derivation of a set of equations of motion 
which are a generalisation of Kramers’ equations, self-consistent without 
imposing a restriction on the Lagrangian and satisfactory from the purely 
formal standpoint. Since, however, the elementary particles occurring in 
nature have no electric rest-moment the conclusion was drawn that, on the 
basis of the unitary theory, point-singularities were not the correct repre- 


sentation of the particles. It was finally suggested that there might be 
other possibilities. ¥ 


I have considered in this paper an elementary particle as a ring-singu- 
os = 4 2 . . = 
larity. The principal results obtained can be summarised as under :— 


(a) Finite expressions are obtained for the total energy and 


angular 
momentum, 


1 


M. Born, Proc. Ind. Acad. Sci., A, 1936, 3, 8; tbid., 1936, A, 3, 85 
H. A. Kramers, Physica, 1934, 1, 825: j é‘ 


: 
Zeeman, Verhandelingen, 1935, p. 403. 


3M. H. L. Pryce, Proc. Roy. Soc., A, 1936, 155, 597. 
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(b) The ratio of the magnetic moment to angular momentum is obtained 
as e/2u and not e/u (4 =rest-energy) showing that we do not 
obtain an explanation of the spin. 

(c) Taking the ring-singularity as representing a proton we can derive 
an estimate of the ring-radius so as to explain the high mass of 
the proton. 

2. Field Equations. 

Let the axis of symmetry be taken as the z-axis and the radius of the 

ring a. We introduce cylindrical co-ordinates p, %, z and assume axial 


: : : . > : 
symmetry. The linear density is given by 7 = e/27a and v denotes the velocity 
vector. We introduce the Dirac 8-function such that 8 = ce on the ring and 


< [ddpdz = 1. 


Proceeding as in the papers of Born quoted 
above! without using spin considerations we 


ees ¥ obtain the field equations for the stationary 
E case in the form. 


> 


> et 
rot H = v8; div D = 7; 
> > 
div B = 0; rot E = 0. 
equations of transformation for vector-components 
rive expressions for the operators 


| 
(2, 1) { 
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We shall now obtain the 
in the case of axial symmetry and also de 
div, and vot.® From the equations of transformation, 
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p ; y le a enh 
Sie pias Mint EEE Ta Na Sie oy p 
2 == 2 J 
one has 
a ee < 
ox p OP Be erg Oey co en 
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re op 
and therefore for any scalar ¢ of cylindrical symmetry (5 = 0) 
op _ x, $ _ yds 


2) dx pop’ yp OP 


4 See Born, I, p. 10, equations (1, 9). . . 
Beth, one of Prof. Born’s pupils, for having communicated to 
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me the correct proofs of the derivation of these expr 
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and for any vector A, 


V 
Agee © Ap ee Ag paper ADA AS 
p p p p 
(2,3) alete 
x 
| Ay = Ap + Ay | Ap=—J Arto Ay 
Accordingly 
d¢ ) 
gradp 6 = 5 | 
grad, ¢ = 0 
_ o¢ 
grad, ¢ = ve 


so that if a vector be a gradient it has no y-component. 


To calculate div A for any arbitrary vector A, we divide the vector field 


into two fields: Bee = B — C eae that By 


Ii 


0, Cp = 0, C, =O, #e., [|C| = 
C=Cy,. Wecan prove that div C = 0, for 
ae . ey OG, 2 0G ray 


ay Bz Oe a 


wc, 2 ze, SR OLY 
S-201d--1369: asp *¢) 


_ _ xy a oy 
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‘ : = Pe > > 
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> os 
We shall now calculate rot A for an arbitrary vector A which is however 


axially-symmetric, 7.e., for which 


ohp — PAs AAP _ 6 
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| t A = => (pA 
fae p op (PAs) 


ee, ee p . 
We shall now prove that for the field vectors BE, H, B, D satisfying the 


differential equations (2, 1), we have the relations 
As regards E, (2, 1) shows that it is irrotational and has no singularities. 
Pete it is the gradient of a non-singular scalar and from the theorem proved 


on p. 357, it follows that Ey = 0. 
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om . . . ‘ ‘ Ps 
Next considering H, we observe that it has a, singularity and cannot 
be expressed as the gradient of an analytic scalar function. We write 
> > > c : 3 
H = H,, + H!, the first term being the classical part 
> > > + 
on account of rot H = 0 and rot H, =0, we get rot H'=0. Also H,, 
Ka . as . . . , . 
has the same singularities as H and accordingly H! has no singularities. This 
ae => 
fact along with rot H!= 0 enables us to deduce'as above that H! has no 


an *. 
Y-component. But H,,; is well-known and has no %-component. Accordingly 
Hy = 0. 


rd . 
The proof for B is obtained by considering 


ely ihe ; 
H = - where L, = L (F, G) is the Lagrangian 
oB 


i.e., rea ee = Lorcoh la 


oB dB 


> > -+ 
Neither H nor E has a ¥#-component. Hence at all places where IL, 0, B 
also has no #-component, 


> 
A similar proof for D is obtained from 


eee Tee eee ree 
E oE oE 


o > _ 
F, has no %-component and B none when L, + 0. Hence D has no -com- 
‘ponent at all places where L, + 0 or eee 0: 


Using (2, 4), (2, 5) and (2, 6) we can now write the field equation (2, 1) 
in the form 








foHp dH, 1 (A(pDp) , d(pD.) 
ae fe are 3: pP cl care a 
2, 7) | dz op ky "pl oa» x oz } = 90 
(pBp) 4 (pB.) are dE,  dEp _ 
op Oo: "Op + oz 


since, further, in the stationary case v 

is given by : 

c ayn as LO ee ee 

9 = f2 2 I 

8) Lae) fi 4 2 wet Bee ey js (PE +B. 1} 
3. Boundary conditions at p =a. 

Integrating be field equations over the element of volume 


0(pD.) 
ff? {eee - \ 2apdpdz = va 5-2mpdpdz = 27an = e 


=), =0, of =v. The Lagrangian 








6 
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and the left-hand side 


a abs ier ga Vala 


= 20 4p p {Dp cos (p, v) +- D, cos (2, v)} ds = 27a Bs D,ds 
0 0 


. é 
| 4.€., {Das = Ona = n 
4 ‘ 


0 


(3, 1) 
a cas {Buds = 


ds 


0 


Re ie eae ns Sos fetes a 


Similarly 


f (C = =) 2npdpdz = if f 03+ 2npdpdz = navn = ev 


and the left-hand bin 
= 27a i {Hp cos (z, v) —H, cos (p, v)} ds 
0 


= — 2na | H, ds 
{ 
( ie., f Hds = — w 
ooh eee ; + 
| Similarly, [Eds=0 | 
L 0 


4. Solution in the case of zero-approximation. 





Take p =4@. 
In this case the equations 
are satisfied by taking Bp = AE, and B, = — AEp, so that 
Bp Ep + B, Ez = 


and the Lagrangian 


ne mye : - (1— 8) (Bp? + Ey)—1} 
=o {af AG — 53) (BF + Bt) — i} 


or, without making these substitutions 


nab fh +h ee +BY — Ef - BY —1} 
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Irom this last form of L, 
o B AG 
Hp = on = ——y: = ee 
J) + 6? (Bp? T. Bt — Ep? — E,,*) 
oL 
=-—A— = AD, 
A dE, AD. 
Similarly H, = —ADp. 
These relations could also have been deduced from the relations 
oH, dHp _,. Dp , aD, _ 
dp de 98 Op toe = 9 
and we would have obtained Hp = yD, and H, = —uDp; but, the above 


method however shows that p = A. 
We can determine A from the boundary conditions 
—qv = [ Hds = J (, cos (p, v) — Hp cos (z, v)} ds 
0 0 


= —) f {Dp cos (p, ») + D, cos (z, v)} ds 


=> —A [D,ds = —" Ay 
(4, 2) “5 A= Let l— = 1— gf = gt 
Rewriting the equations in the case of the zero-approximation 
Dp , dD, sE, Ep 
Spark ip a ge eee 
with the boundary conditions 


[Dyas =n; f[E, ds =0 





we find that a solution is given by 
fone es 


2Qrr Y 


(4, 3) 


peasant 


| 
bee oe 
cae Qrr J 

where 7® == (9 — a+ 2046. 4 is the distance from a point on the ring 


Ww p > : = 
¢ can easily express E in terms of D by considering the Hamiltonian H, 


S viel <a eS T= >a 
amet fh + — By — 5 1} 


vax Cis 7 ee 
b Ril ut je (D? — He) — i| since (D H) = 0 in this case, 


8 
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as easily follows from the relation Hp = AD, and H, — ADp. 
oD p = = 
Pee et) re ees 
BSE teen ieee ee 





7 oD, 2 1 > — at ar 
afl + f(D - i )  f/i+ * (De + DE) 


Putting in the values of Dp and D, from (1) 


{ ” pa) 
Ep =54 - eae 
| dar Ve re | 

(4, 4) 4 net 
Ea S 
“ 2ar VP +1 | 

5 . ely, 
(4, 5) where 7 Ind 
Tt i : . Op oF, 
is easy to verify that the E-equation, wz., ——- — ,;— = 0 is satisfied by 


02 op 
the values (2). This needs only showing that 


0 paogl whe _ oO (eee : 
pis.) ae V7 + a} = "dp tr VP + =} 





; ( a) or or 
-C., a = 
P dz Op 
ae 3 ‘ or —a 
and this is true since a and = =f" s 
oz ie op y 
From (2) E = Be ee and is finite for y = 0, having the value 
2 VP +7? 
Reena b’ 
ene) Qnr, a 





We can now complete the solutions 1n the case of zero-approximation 


Cree ae | 
| Hp Qarr OC | 
7 L 
(4, 7) ie  p—a' 
{ g - Qnr Y | 
and 
ee ee 249) 
Ak Wr fp +r? 








q 
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5. Solutions in the classical case. 
5 > _q > r ave oO 
Treating the problem as the field due to a circ ular current, we have t 


determine the scalar and vector-potentials. 


z Referring to the adjoining figure the scalar 
P potential ¢ is given by 
ty 277 
7 {2 il n 
$e || ere eg ae 
p 4a V(p—a cos ib)? + a*® sin’ +2 
—-—— ee ee 
Gites 4a V/p? + 22 — 2pa cos % -+ a? 
0 
—7/2 v 
pa — 14 ee ee where R?2 = (p + a)? + 22 
dar RV/1 —K? sin, ’ 
77/2 
ie Spa . ty = a a 
Rivas 
77/2 
ae dif 
V1 — R? sin? 


where K (k) is the complete elliptic integral of the first kind. 
ae to a question of units, we observe that for p, z > a, (4) reduces 


to¢d-> since K(0) = 7/2 


dr R 
7.e., the units we are using are the ordinary electrostatic units and not the 


Gaussian units. ‘To transform to the latter we need only replace e by 4ze. 


This fact shali be made use of later, 
Coming to the vector-potential due to the circular current,® we have, 


denoting this by A, Ap = 0, A,=0, and 


6) y= fe 11 8) xa) —ma 


where K (k) and E (k) are the complete 


elliptic integrals of the Ist and 2nd 
kind. 





6 See Debye, Ency. Math. Wiss., V., 2, §17, p. 434, 


10 


364 B. S. Madhava Rao 
f > 
From the potentials ¢ and A, the field strengths are given by 
aes > > 
K = — gradd; H =rotA 
i.e, Ep = — 3 Ey =0; E,= 3 
- | 
r 
MTT ONG . 1d 
Ee sald Bergin Hel Soatpes) | 
using (2, 5) and (2, 6) 
From (4), we get 
ad et eye 1 dK(h) dk 
Ep = —<* = Fl — Oh ee ee 
e dp R? dp ian ok | 


oR +a oR z 
Ris x Zz: era es bey 
ala 2 aa eteia sap Sep 





Re _. 4p4, 10R Pe ator 
R?’ kdp 2p Re * kog OR? 


From the theory of elliptic integrals, 
dK(k) _ E(k) = K(R) 


dk ~~ ORR k 








where #’ is the modulus complementary to h, 7.e., k= 1 — k? 
. 13 So Cee 
1.e., R = R: or =p 
Hence, 
ay flee Pt pee fle Ra ee ) L a) 
w= tno LN na)( 
_ an ) _ 24a — Pay) 
a | Be = ganp (S(4) zs E)5) 
(5, 3) 
Similarly (x, = me » E(k) 
Coming now to the magnetic field strength, we get from (5, 2) 
12d Ke a) B() || 
—5 )K(R 
= pd itm W) = eae RIC 
a _B - ) [eae _ E(k)— KR) 
Rea as. o{R \(Q ; z) K(h) nr dk k 
nv [oR ie. By rt ie cs ene ul 
> Dela; (0 2) E(t) (0) Sh (m2 ee 


2 dk dE(k) dk) 
A ae ae se | 


I 
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-£ © PA Ka = at) 2) (1 #)} 4 = | eS H(i=% = x?) 


xf} 








Putting #2 = 4ap/R2, k* = 7*/R?, this reduces to 








H, = 3 lz K(k) + E(A) (= (p Rate a a? + 2 a) 
[gsm - Wo 249) 

Similarly, 

nya 2 IEE 8) xe 205] 


See (a -*) K(b) — 0) | 
== (0-$) no (2) 


2mp 
dk  dE(k) dk 
— AK) S, — Se = 





-- Bl am-WO-N) 





simplifying by substituting the expressions for es ent _ , 
bee A oi ce a ee \, 
=— ge, {| XH) — 24 ea}; 
thus, 
f _ ss NVZ ay. PLP ae ad | 
Les ~ tarp (SM) ~ a «EB (R) | 
(5,4) 4 : 
v 2 oe 


In (5, 3) and (5, 4) we can transform the expressions 
x? + a® — p? p? + a =| 22 p> aa a 
yr , yn !C«é gk 
by writing 22 = 72 (ep — a)® and obtain 


[ _ an Pp —a an : 
aay 7R a. E(h) + InRp [K(R) — E(&)] 


eee 
LE. 7R 7 E(R) 


7 
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i anv 2z 
[He = TR 2 Bl) — ote IK) — BER] 
(5, 6) { 
ie —-> (k) + 5h, (K(k) — E(R) )| 


(5, 5) and (5, 6) are the exact classical solutions (where pe — I and D ee f). 
Going to the limit y—>-0 which corresponds to the case p = 4,2 0, 
?.e., on the ring, we have 


R—2a, k’—>0, and 
Bi (k)>1 and K (k)—>log ((4/h’). 
Hence the classical solutions valid in the neighbourhood of the ring are 


eet aes eee 8a ] 
[Pom eens (Peay 
ae 





- | z, | 
[Bah | 
and, 
[He= 2-4 | 
(5, 8) ; 47T ie 
v a 
jn, = # 85 7 ( tog 84 -1)| 


It is interesting to observe that the first terms in the right-hand members of 
(5, 7) and (5, 8) agree with the unitary field theory expression for the zero 
approximation case (4, 3), (4, 4), (4, 7), (4, 8) when, in the latter, we consider 
(7,/r) small and neglect second and higher powers. 

6. Method of procedure for calculating integrals of energy and angular 

momentum. 

The remarks made above suggest the method of procedure to be adopted 
for the calculation of these integrals. We assume that the classical solutions 
hold good except in the immediate neighbourhood of the ring where we assume 
the field theory solutions (in §4) to be valid for values of 7 large compared 
with 7,. ‘Thus, in the case of the total energy E, for example, we form the 


classical and field theory expressions U,, and U; and write 


(6,1) E=/UsdV + U;dv 
Since we can certainly assume that most of the energy is concentrated in 
the neighbourhood of the ring we take the limits for 7 in the first integral 
f=a finite number =f (say) for the upper limit and 7 for the lower limit 
such that 7 7s small compared with a. ‘The limit fis further so chosen that 
no terms appear after integration which —>¢e as 7—>co, Tor the second 


ee 
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al the lower limit is taken 0 while the upper limit y is assumed large 


integr 
The angular momentum is 


compared with rv, but small compared with a. 
Further in calculating U; we use the expressions in §4 


7) — (5, 8), or, in case a higher approximation 


similarly treated. 
and for U,; the expressions (5, 
is needed, the expressions (5, 5) and (5, 6) with the substitution therein, up 
to the desired degree of accuracy, from the series—expansions for K (k) and 


E (k)? valid in the neighbourhood of k = 1, or k'=0, vtz.,i 
f i Rk’? 4 ‘ ey 4 * 1 


{ 
| K(k) = log 5 HE (10g G — 1) + = 


7. Calculation of the energy. 
> OS = 
Us =I,+ (D-E)' 
: | ae oe + oe 
vee (B? — EB?) — ee -FE) = 0 from §(4). 








=i ft +5 eet (gee EA 1 
Ba? A + 7? Aq?” a5) = Wrre 
Be eae 1 One 
1 1 Por? 1} + yee using (4, 5) 
7 297 


I 


2a f f Us(a + rcs 4) rdrdd 


y 20 
= 2na f[ fi U; rdrdd 
0 0 


277 


since vi cos ¢:df = 0, and U; is a function of y only. 
0 


We have here taken 7 and ¢ to be polar co-ordinates in the meridian 
plane, such that, 
i’ —a=rcos ¢ 
(7, 1) z=rsin ¢ 
| dpdz = rdrdd 


7% See, for example, Schlomilch, Komp. d. Hoh. Anal., Bd. 2 pp. 322-323 


a 
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f U; av = data f U; rar 


= 472 ab? iat [{a/t ee i} S i 
Fi ay V7? + =| i 


r 


: VP? + 7,2 a® Tm +72 


= 47? ab? { (vat — ean _ ) dr + 472 ab’? {eS ar 
. SVP +7? : )VP +R 


= 47? al? {wr tre - r) dr +- 4n?a (b — b?) ee 
Vr + 7,2 





x 


x 
0 


0O 


putting 7 = 7x and using 7, = ai b! = ye 
a 


rs was a 2 — 
= barter Ff + 2, — Gh + 8 ante tog {F afi + &} 


(7. 2) where f? = 1 + v? 
ar 
nee 
(7, 3) hy, dV = a7? log j ) 


where we have made use of the fact that rv is large compared with 7, and that 
v as very nearly equal to the velocity of light, t.e., unity. 

We now proceed to calculate the classical part of the energy and write 
making use of (5, 7)-(5, 8), 


> — 
Wa Bek ay a ary tags 


7B 7B? ( 8a ) na el 
~~ 8272 + 327°a? Pee a a Bra a 1) 
Uy dv = kan?p? w =f uve r(1og = — — sf dr +- as 
cl 3 41 “8a ’ 87a 
ff? (lo = 1) 2mpdpdz 














15” 


“¢ 
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Vien “(tog “™ — 1) 2npdpd = {fs ae ee nee) 


Qn (a + 7 cos ¢) vdrdd 


f Qn 
= fs Qnr (tog =f as 1) cos? ¢ddrd¢d 
-f Qrr (tog *" _ 1) dy 
Now, 


8a Se ge 8a F e( 8a _ 1) 
fr(108 te 1) dr =" (tog Z -- 1 + 9 log = 
eo 8a 8a 
vee 5 (108) Sie 8 oe toy 
8a ase 8a de OS fi 2) re 
and f7(108 a 1)dr=5 (tog ee 1) + 7 = 5 (log ja. 
To avoid infinites at the ps limit we put f = 8a and get ty 
va aV = 3 an?p? log Se (ry log r) + 0 (7? log rv) + 0 (7°). 
since Lt” (7 log 7) = Lt Bi log rv) = It (7?) =O and 7 is small com- 
7 —> 0 r—>0 r—>0 
pared with a, we can neglect the last three terms and write 
(7, 4) he dV = } a7? log s = a7? log = 


From (7, 3) and (7,4), we get 


E = a7? log (’) + an? log (*) 
6a 
(7, 5) i.e, E = ay? log (-*") 
ging a finite value for the energy. 


8. Calculation of the angular momentum, 
Corresponding to (6, 1) we write 
> o> > 
(8, 1) M = Hy M.dV + A My dV. 
/ = > + 
=J/ {r x (D x B)} dV 


> -> = 


=/ DG (7 B)— B (> D)} av 


IG 
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Mp = / {Z (DpB, — BpD,)} q 
Mz = / {p (D.Bp — B,Dp)} dV 


My =) 
From the fact of axial symmetry, or observing that the integrand in Mp 
changes sign when z is replaced = — 2, we have Mp = 0 and M =M.. 
Hence : 


JM; dV = f[ p (D.Bp — B,Dp) dV 


EAVES (ne SP ed one 

7 Ai f yWA pra 
using (4, 3) sine 

p:2 dats 
e., ( M-dV = eee 
ys os oe 
s ae a + (a + r cos ¢)? rdrd¢ vdrdd 
VP + 72 
dr 


— e B) J VP+H (27ra* - mr?) 


- 1 fe adr etree vdr 

as Vr be 1? 2 Vr es a 

nua (| ———— ee VP + 142 dr— - ie (Ss 

va a amis a 9 s y ares 16 VP 


=? 2 f vere dr +p Qa ere 


- ty fv . x2 dx Se 7 (2 “ff GES ++ 42 


= nee [Bx V1 + x? + 3 log (x + V1 + x4] 


ze 


Y (2a? —- 1,2) log (x + V1 + x4) 


rol ay 


4+. - 


= (20° = ade safe r) + eee 


1 1 
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neglecting the term in 7” 
(3,2) f MydV = 70a" tog (;" ’) . ‘i 
since y is assumed large compared with 7. 
On the classical theory. 
.= fp (&, Hp — H, Ep) dV 


Using the exact expressions (5, 5)-(5, 6) we have 


a ae ie 





mR Yr 7R 
oe (Se Pa ©. are ))! _aqv oe 


+ 5% K(k) — E@)} 


1 Ses 
K-1) 
2p 





Ff _ 1 Fy, 2)! 2 
[far 3 KH} + I 


(inv x=2)] 
= [fers - SEK By + foe P6" EK YH 


2pr 
Se eee © ee 
(G = 27? ) ~ 4p (KE) ] 




















_ ant se ee 1 
sas oe — 7, (K- BY 
a aE 6 EK EK “Ee i 
ete ioe op a ip} 
anv 
aa 1) 1m} 
ae na S Ez — K | 
7p 
(8, 8) <p (Hp — Hy Ep) & [ips {ere = [K(A)p} 


Before proceeding further with the SUBS ations for E oe and K (k) valid 
) vali 


EH, — HE, = fim {rea BON 


Ig 
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is an even function of z, since only squares of E (k), K (k), k’ and R appear 
in it and further k, kh’, y and R are all even functions of Z. Hence the expres- 
sion 

Z (EpH, — HpH,) is an odd function of Z. 
We now proceed with the approximation of (8, 3) by writing 


Re 4 S64; 4 1 
H (= 1+ 5 (log p — 4) + 75 #4 (tog = —1— 4) 


4 ea + 
and K (k) = log Foe rf (tog pe = 1), and get 
re eget 7 -4-( =) 
Be tte Rk? Si jlos kt 2 log R! \ 


' 4 \2 5 4 a4 
+k" {— 3 (log 5) + 3 log F — 5p 


and this does not depend on gd; hence 
ip M,, dV = Jp (E.Hp — HE») dV 


: 
= anv f a (Gs [E(A)}® — [K()}2 rar 


k)}? K(k) ]? 
= av if {eeu = mah vay 


Substituting the series-expansions for E (A), K (#) and R= 2a and proceeding 
with the integration as in the case of the energy we take f = 8a. We neglect 
as before, the terms (y log 7) and (7? log 7) at the lower limit but retain the 
term in 7”, in view of the form of expression (8, 2). This gives 


8a 2 
(8, 4) if M,, dV = a*7?v log (=) - 
From (8, 2) and (8, 4) we get easily 
(8, 5) M = a*y*v log (16a/7,) 


] 
< . 2 4 VV a 7p) . 
giving a finite value for the angular-momentum as well 





[A simpler way of deducing (8, 5) would have been to neglect the terms 
in # both in (8, 2) and (8, 4) since in both cases 7 appears as an absolute 
term. } 

9. Magnetic moment. 
a sc] 5 OV) fF 

The magnetic moment can be calculated from the expression (5, 2) for 


the classical vector-potential, viz., 


Aeon pfs. i{G- =) K( k) — (| 


19 
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, on 
For values of k € 1, 2.e., at great distance from the ring, 


__ nv a D ts ee 
_ v0 fa, 8WVap-ap(, , 3, 4pa tee) 
PBR Af po. Re {it 4 R? 
av |p Spa |) 
= 4 yp {i+ R? 


Hence the magnetic moment 
aev — aev 


_ ev _ aev _ ae 
4 —s- 8a 87 


(9,1) m= 





10. Spin. 


We shall write the expressions for the energy, angular momentum and 
magnetic moment in Gaussian units since we have so far used only electro- 
static units (also c = 1). This requires as remarked on p. 363, the replac- 
ing of e by 4ze 7.e., » by 477. 


16a ae” l6a 4e? 16a 
(10,1) EB = ant tog (7) = ghia loz (S“) —>  los(*) 





Ie 
(10,3) m= ee aa as = - ae o 
Hence : a = “5 ie and, 
putting Ey = pc? we have EK = p since c = 1, which gives 
(10, 4) a a * 


showing that if the particle represented by the ring-singularity be an electron, 
the spin of the electron is not explained by our classical method of investigation. 
11. The mass of the proton. 


If we consider the ring-singularity to represent the proton it can be 
shown that we can derive an estimate of the ring-radius which would give 
the right proton mass. 


Equating (10, 2) toh = h/27, we get 


h 16a 
a 4e*v log (=) 





8 Cf. Debye, ibid., p. 435. 


noe 


dag ~ 
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where 7, is given from oe 5), using Gaussian-units, as 
e 
Ab = = fl — yt . 
: nab = 3 mba 


Introducing now the radius 7, of the point charge of the field theory,” which 
is given by e = by,2, we have 


—™ s 2 
% => V1—v? to. 
7a 
2 9 
=e Aa ea eee ete a (2 i ae 
i roa V1 — v? tof) W/) — a 


and (10, 2) gives 


J = = 4ev log : 167 (= ai VI wot 7H} 


Introducing ¢, instead of ee c = 1, this can be written in the form 
Ac 4v a\? z } 
1,1) gay log) 167 (2) = 
( ) e : og : 67 Yo V1—v?/c2 f 


We can similarly write the expression for the energy (10, 1) in the form 


4e* a? 1 
9 ae < — 
Pid 2s 7 log : 167 G) Vi aaa} 


Let m y= mass of a point charge and My= mass of the ring, which we now 
assume to represent the mass of the proton. We have!® 


(11, 3) 1-236 Se 


ag 
"9 
Putting EK = Myc? in (11, 2) and making use of (11, 3) we get 


Ler eee eh 
(11,4) ig 1-2862]7, — 1-236a 81a Gy, 


From the equations (11, 1) and (11, 4) we can determine v/c and 7,/a if we 
observe that the left-hand side of (11, 1) is the fine structure constant whose 
value we shall take as 137 and that the left-hand side of (11, 4) is the ratio 
of the masses of proton and electron which we shall take as 1840. ‘Thus 


Aro - [= ¢ y] ae 11 4 
1-936a log : = 1840 from (11, 4), or 





a 
4dr 167 fa? . 
(11,5) 9 tog [ : (*) | = 2974, and 


Ag 167 fa ‘| 
= 137 
(11, 6) *” log [ , (=) 3 


® Born and Infeld, Proc. Roy. Soc., A, 1934, 144, p. 439. 
10 [bid., p. 446, equation (8, 7). 
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tin 
We can solve the equations (il, 5) and (11, 6) for vje and y,/a. Denoting 
hes by x and y, the above equations can be written in the form 


16 
(11, 7) 4x log sao) = 2274 





PT oe ~ 
l67 
4 lo ==) — 1ST 
{LS}: ee (eS tee | 
The second equation can be written in the form (using only the nearest integers) 
ee ed = 4/y (e is the exponential) 
x? /1 — x? 
167 
2 es eee e34/y 
(Loa ee cacy 
Dividing (11, 8) by (11, 7), we have 
y_ 137 _ % 
ee Das aay 


Hence eliminating « between (11, 9) and (11, 10) 


17 (1— y?) * 
2 OF ae. 
(11,11) ae, y (1 — y%)t = ni <¢ a 


a 


From this equation we can estimate how near the value of y is to unity. 
Putting 1 — y?= 94 (e9 an infinitesimal) the order of magnitude of ey is 
determined by 


8 : : . oe 
eg (1 — et)? = 1 Et) 6 geme ort te v2/c2) ~ 88 ~ 10-29 
(11,12) t.¢., 9 ~ «27? or vje~ 1 


showing that y = v/c is very nearly equal to unity. From equation (11, 10) 
we can therefore write 


(1; 1S) Grey a me 17 


This gives an estimate of the ring-vadius" adequate to explain the mass of the 
proton. 


1 Dr. Beth has kindly written 


to me about an attempt to determine the value of a 
for which the energy has a minimum. 


For this purpose, he takes account of some additional 
terms which I have omitted in (7,4) and in place of (7,5) he takes: 


Hare bet ae log [= (=)"}. 


a 2 ro 


The minimising of E gives rise to a quintic equation which he has solved by a method of 


approximation, giving 

16 41,6 
‘ a=ro-1Q0 * 
a result which, as Prof. Born has pointed out to me in a letter, is of 


an impossible order of 
magnitude. 


Ls 
B. S.. Madhava Rao 
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72. Conclusion. 

I hope to return in a future paper to the treatment of the ring-singu- 
larity in the general case and deal with questions connected with the con- 
servation laws and self force and the equations of motion in a constant 
external field. 

It gives me the greatest pleasure to thank Prof. Max Born for suggest- 
ing the problem, constantly guiding and advising me while here and corres- 
ponding with me from Cambridge. 


C2) 
RING - SINGULARITY IN BORN'S UNITARY THEORY - II 
pis ee” SN ela 


(Part A of this paper has been published in 
the Proc. Ind. Acad. Sci.A.1937, 6, 129). 
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PART A 


Calculations with different action functions. 


1. Introduction. 

In ere tee paper, I have considered a ring- 
singularity on Born's unitary theory as representing 
an elementary particle - an electron or ea proton. In 
either case it is possible to obtain finite values 
for the energy and angular momentum and this is cer- 
tainly due to the non-linear character of Born's 
electro-dynamics which solves at one stroke the knotty 
problem of cohesive forces on non-electromagnetic 
origin inherent in the old classical theories of struc- 
ture and inertial mass of the electron. But further 
results were of a purely negative character. If the 
model were taken to represent an electron, the ratio 
of magnetic moment to angular momentum was obtained as 

e/a and not e/ MA Showing that an explanation of the 
spin was not forthcoming. If the model were taken to 
represent a proton it was shown possible to derive an 
estimate of the ring-radius adequate to explain the 


high mass of the proton, but the ring was not in equi- 
librium in this position (2) 


Oe ee ee oe oe 
SL LS > as o> a> o> o> a OS & as om 


_-—— 
Sea ee Sanne pis te ta ea ai ts Sa es Nats dn 
ee ee me 


(1) B.S. Madhava Rao, Pro.Ind, Acad. Sci. , (A) ,1936, 


4, 355, This paper will be referred toas I, 
(2) See I; foot-note on p.375. 
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Throughout this above investigation, I used a 
particular form of Born's electro-dynamics, viz., the 


3 
earliest form of Born's field theorg 22 Infeld has 


shown Tateree? Ghat it is possible to find an infinite 
number of action functions for the new field theory 
each of which gives simple algebraic relations between 

the Sa and b= fields andeach leading to a finite 
energy for an electric particle. Still more recently”? 
Hoffmann and Infeld have imposed a regularity condition 
restricting the choice of the action function and ob- 
tained special functions suitable for the cases of 
special and general relativity. 

I have attempted in this paper to carry through 

my previous investifation on the ring-singulerity 
using, first, the Hoffmann-Infeld action function, and 
next the one-parameter group of action functions given 
by Infeld. In these cases the authors restrict them- 
Selves to the case where the invariant & - (BE) 


does not appear. It may, therefore, appear that this 
(3) Born and Infeld; Pro.Rgy.Soc., A,1934,144,p.439, 
(4). Infelds; Proc. Camb. Phil. Soc. ,1936,32,1273;33,70. 


(5) Hoffmann and Infela: Phys. Rev.19 
referred to as zi, ee en ee 
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action-function is suitable only for the electro- 


—71 2 ae 
static case where B=H =0 But in my treat- 


ment of the ring-singularity I have used the field 
(6) 


theory solutions only in the zero-approximation 


and in this case the conditions (BE) = and 


0 
(Dh) -Q are satisfied though B’ and i do not 


vanish. 


2. Field equations and boundary conditions 
The fieldequations for axial symmetry and sta- 


tionery state can be taken over completely from I in 





the form 
One O Hy g : seca U(PDr) S 
Qo, See Le op > : 
‘ ; (2,1) 
TCE ROSEN GE ae Mie eee : 
op sae Weak 


The Lagrangian is, however, given by 
bisa ie 
and the Hamiltonian, for the Hoffmann-Infeld case 


which we will consider first, by 


H = + fra (14P) (2,2) 


(6) See I - §4, p.360 
(7) See II - footnote on p. 768. 
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being given by ‘the relations 


ier p aa CPP ler (2,3) 


ul 


The boundary conditions at the singularity are given 


again, as in I by 


fp, as <7 [B48 =o l 
J Hes =-79; feds so f (2, 4) 


3. Solution in the case of Zero-approximation. 





Taking f:Q the equations (2,1) can be shown, in 
consonance with the boundary conditions (2,4), to be 


Satisfied by 


Dee 
phates wey 
De ate aS (3,1) 
ar OF 
and, 
By = AE, ‘ b= -AE, 
32 
Hp = AD, 5 Hye -AD 84) 


where A=V- Also the above two sets of equations 


give (BE) = oa, (DH) : Showing that we are justi- 
fied in using the erent action-functions mentioned 


in the introduction. 
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in terms of D, and J,: Introducing the absolute 


field-constant ps we can write 


ees 1 f° Log (i 4 pa ’) ond use the relations 
—¥ 
“ae : aeye (3,3) 
2D OH 
fhat relations (3,3) also hold good in the several 


forms of the action functions given by Infeld can be 


Seen 
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nr 

ie ee 

/ (3,5) 
phere anaes { 

x ant OF 

and, nv Zz | 
Sy ea eee 
f Si < Gteet, 


Rig = rv p-a@ (3, 6) 
¥ 


21) pty at th 
(3,1), (3,4) - (3,6) constitute the field theory 
Solutions in the case of Zero-approximation. 
4. Calculation of the energy. 
We adopt here the same procedure outlined in I, 
for the calculation of energy and angular momentum 
and hence there is no need to alter the contributions 
to these two quantities arising from the classical 


pert. The energy-momentum tensor is given py (8) 


l j m *lyn 
Tk = EP TH 4 ( bree +f aoe } (4,1) 


This gives 


weet ee (4,2) 
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(2) Ibid, p.768, equation (1,20) - There is an obvious 
misprint here; should be 
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Tee aunt (4,3) 


with C€-ez (<r /py!* so that, using (2,3) we can 


write (introducing 4 ) 


T/p + fog (1+P)-1; 
Prom (3,1) and (3,5) 
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From (3,1) and (3,4) 








sePrnee ! (4,5). 
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In the field theory expressions we assume that 7 is 
large compared with tT, i.e., that Ke t/%, is large 
and hence the expression within brackets in the first 
term of (4,7) is of the order unity, as can be seen 
from the fact that 


Lr tty (vey) = Og Bee, 


coe {70 J Yo 7 


Further o can be neglected since we assume that the 

velocity V is very nearly equal to the velocity of 

light, here taken equal to unity. We can therefore 

retain only the second term, wherein we can replace 
(1+ 2%) by x f by 4's and finally obtain 


Eg 87 bog (4/) (4,9) 


From equation (7,4), p.369 of I 


Ey = 07 he (90/s) (4,9) 


Comining (4,8) and (4,9) we get for the total energy 
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cE vey + a by (00/1) (9 


again a finite value of exactly the same form as in I 
but only differing from it in having 9Q@ in place of /éa. 


5. Calculation of the angular-momentum. 


Confining outselves as above to the field-theory part 





of the angular momentum, we can write 
Jmpav ae ~ By Dp) AT 


d 
Ze a oe using (3, (3,8) 
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giving a finite value for the angular momentum of 
the same form as in I. 
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6. Infeld's action-functions. 





The several types of action-functions proposed by 


Infeld are included under the one-parameter group 


es 2 + (1-¥) bg € -(i+¥) +¥€ (61) 


.¢ being the parameter. The relation connecting 


F and P is given by using Te =-P or ET -F as 
-~— +— +¥ =-P (6,2) 


Solving (6,2) as a quadratic in(1/¢) we get 


t/e = (i-r) + Slay + 4P 
The choice of the sign can be made by going: to the 
limiting case of weak fields i.e. P= 9; in this case 


Ve THRE RAT, WE <r 1, OF —ify 


according as the + or -~- Sign is taken; but in 
this case of limiting weak fields € -y} and ¥ —y 0 


We therefore take the positive sign of the quare root 
and get 


Vig = (-r) + /(l+y*4 4 P 


The Hamiltonian }{ is given by 


(6,3) 
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T is a function of € and Ris 3 € PF oer 
from (6,3) € is a function of Pp so that we can 
get H as a function of P only. 
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From (3,1), (6,5) and (6,3) we can find the field 
theory expressions for E. and Ey » (‘In fact 
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Similar expressions could be obtained from (3,2) for 


Bp, By 
impulse-tensor is given by (4,2) and can be expressed 


and Hp, H, . The T'- component of the energy- 


in terms of + using ( 63a ) and the above expre- 
ssions given by the field theory solutions. 


TY = +} T+ (BE) +(BM} 


ae a 
eilog T+ Pe DF 


nega? : , | pre ’ 
3 a +( r) dog € +¥E€ -(itr) + 7a t (4,7) 


4yhere € is given as a function of + from ( ¢,3Q ). 





We can proceed to calculate the field theory part of 
the energy as before. The calculations area bit 
tedious and the final result, after the necessary 
approximations of (+/7,) being large, « 7%) Bam 
is for the case ¥ ZO , given by 


Ee - 07" bog fuer (6 8) 





leading to the total energy 


ie ty bey risa (6,9) 


t, 





again giving a finite value. This tmcludes the Born- 


case and the case r:0 


of Infeld which is the counter- 
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of the Hoffmann-Infeld action function as particular 


cases given by =! and veo It is practically 


eertain that the calculations with the angular - 


momentum also lead to the same results as in ‘I. 


7, Conclusion. 





From the expressions for energy and angular-momentum 
derived above it is clear that all the considerations 
of our previous investigation are exactly reproduced. 
The main purpose of this was to test out the possibi- 
lity of explaining spin classically as suggested by 
Kramers. In trying to interpret the restits of 
Kramers on the basis of the unitary field theory Born 
used the point singularity model, and although it 

was possible to construct a formal theory there arose 
contradictions which suggested that point-singulari- 
ties may not be the correct representations of the 
elementary particles. The result of the work on 

the ring-singularity shows that this too does not 
give a correct representation. The alternative 
Suggests itself that one had better try other types 
of singularities, but the complications that would 

be inherent in assuming such higher Singularities 


and the consequent mathematical difficulties almost 
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force us to the conclusion that it is perhaps better 
to go back to the point singularity and examine its 


possibilities =” more thoroughly than has been done 


so far. 





(10) Prof. Born has kindly informed me by letter 
that he has examined this question carefully 
in the course of his lectures to the Henri 
Poincare Institute, Paris ( to be shortly published) 
and come to the conclusion that point-singula- 
rities alone constitute the correct representa- 


tion. 
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PART __B. 
Ring-Singularity in the general case. 
1. Introduction. 
In the two previous papers we have assumed the singu- 
lar line to be af circle, and that the current and 
charge are uniformly distributed on it. Also the 
investigation was carried out with the aid of cylin- 
drical coordinates because of the assumptions made. 
We shall give up these assumptions in this paper and 
take the singular line to be any arbitrary closed 
curve with arbitrary distribution of current and den- 
sity on it. Without considering the question of 
the equations of motion in an external field, we 
Shall confine ourselves to the chief question of "self- 
force;" and show that this vanishes in a point of the 
line-singularity in virtue of the minimum principle. 
It is in this very important respect that Born's 
theory differs from the 01d Maxwell-Lorentz theory 
wherein the question of self-force is connected with 
the difficult question of structure of the electron. 
We shall also derive the conservation laws with zero 
on their right hand sides. The method adopted will 


be that given by Born in his two papers @ on the 
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unitary theory of field and matter. 


. Variation principle and field 
equations. 


The Lagrangtlan of the field will be denoted by L (44) 
and we will not assume any special form of L as done 
in the previous investigations. To this Lagrangian 
of the field we add a Lagrangian of the singularity 
which we suppose to have the form L(4,) § where 

§ is a symbolic function of the type introduced 
by Dirac. We assume that 5(xyz)=0 at every point 
except points on the singular line whose equation can 


be taken as 


Ly = % CS) ; 3 e ¥, (8) : Z= Z,(s) (2,1) 


S being the arc length measured on the line from a 
fixed point Q on it. § is infinite at (%»¥,, %) 
in such a way that 


Jéde = | (22) 


where do is a surface 





element normal to dg 
Since the absolute value of the potential in the 
singularity has a definite meaning, the introduction 


of Px in { is permissible. The variation princi- 
ple 
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governing field and matter is 
Ff a) + &(%)8f Ava Extremum (2,3) 


where the volume element dv can be taken dvs dods, 
We define the second kind of field components in 


the usual way by 


pm OL at Fate 
OS gy 
and further put 
K ot or (2,5) 
ee OF, 


As the fo are connected with the potentials ¢: by 
f e 0b _ by 
Sa 

one has the identities 


yee el Vim — Fink 
—_—— = 6 5 oy —_- + — +-_ —- = 0 
Burk RI Dac! Se er Bact 
which in the space-vector notation becomes 
tt E° +B = 6 ' 


dur B" =O (2,6) 


The Eulerian equations of the variation principle 


%x* on b (2,7) 
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or, in the space-vector notation with 
kt Nee * ~ 
CRF 87 7) 
ret HW -D = nv 


(2,8) 
dirD = 78 


Here Y and v are functions of $ and ¢, and not 
consfants as in the previous investigations. From (2,5) 
it is easy to see that ” denotes the linear charge 
density. If Pp be the space density we have the 


total charge @ given by 


€ = [paw = |[pdods 


also, if @ = [yas ; comparing these forms 
and using (2,2) we can write Pp = 708 showing 


in virtue of dimensions that ? is a linear density. 


3. Equation of continuity. 


From (2,7) it follows, on account of the antisymmetry 
of the tensor pi 
K 
Msn (3,1) 


Ix 
This becomes in space-vector notation 





278) pe 
Tl + din (7¥8) <0, 
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Integrating this over space with the volume element 


dv = AodS | 
{Ae + hr (70"8) drods = 0 


ia (UL ds +{{ din (7'0"8) dds = 9; Also, dir (008) = V. (pT )=2 (pve) 
since Y has the direction of the tangent to the 


singular line. hg 
Hence | j di(V8)deods = f ds 2 (yy) | bdo Sab: 


since y is in dependent of §. Thus we have 


J{R Rlwhas <0, 


and this independently of any dependence of ” and v 


on Ss. Hence 


47 
x<—— — Vi} se Q (3, 2) 
dE "9s (7) 

which is theequation of continuity. 


4. Boundary conditians at the Singularity. 
Consider an infinitesimal torus surface surrounding 
the singular line the cross-seétion of this surface 


being a curve C (See Fig ). Let dL be a line-element 


of curve C. So that a surface element of this torus- 














rch “ait nie hw sasiah ‘to¥0 <a art | 


eT BG a 


Y : | ¥ wa ~@ 4 ; 
Key) bier 1% ip 2a? > Aa . ‘ Pa F : 

| . 76 
Pee aco Te Note OCU sad anid - Cuan 


con . Ot “ea femayte  * 









| ; 
oF Mee Lay + SHARIR | OMe |. 


i i i ; 
wets es “e » MO Pebhrigyoh mat ei onle 
. ; . : . a 
7 » I } ie 7 ; Yé ; 
i ' r ; : 


+. 4 am are aoe wih + eee icte ater; oid fire 


a 
: an a - 7 
@ : . ' eHiieapr tn 
i mie. | | . 
7. "i " : . ; 
; ‘ ; 
rae oe .\ Ve is dos. Ts Wahseepe ude ek nitty. 


wea) 
= Repeal Bohs OF. tA SE OS We DONOC 4h 
* ‘ ve 

vo Yetberds Ure-ase ne eri Secieastier in’ ror sobbed ; 


< ear BES So awl obiwvwe et vase ns ligeei sail 
= 


: ¢ 
r ane t ' i . A ee ie oo rienuirt es 
pts MGA, S. pe yess Oak bs pvwoe Sree “* 
r . ’ ; 
' 7 © é 7 - 
Se bl Pd Sie PO See el” VEG CVs 


42 


surface can be taken asdg-dl. do is, as before, the 
area of cross-section normal to AS. The equations 
(2,6), (2,8) are equivalent to the postulate, that the 
corresponding homogeneous equations 
wth -T <0 é ree ae x0 

ea ae 4,1) 

Aw D = 0 ; dur B =0 

hold at any xxkmz point except at points on the singu- 
lar line where certain boundary conditions have to be 
fulfilled. These are found by integrating the diffe- 
rential equations (2,6), (2,8) over the small torus- 


surface. Integrating 
din dD’ = 76 
over the volume of the torus-surface 
ff dvd drag = [[rsaods = [yds =@ (4,2) 
0 0 


and the left-hand side can be transformed to the 
surface-integral Sf D, dsal. 


Hence comparing with (4,2) 
we get 


fo, at 
0 





(4,3) 
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similarly J By de 0 
0 


Again from .yot 7)’ ant = ni? 


wa ona + 








weet > + 


7 ef tel ai \ ena 7 @* Bit oA: é ed reg bern 
eS Oraherne wri! 






(ep Latetory’ no Pesne-apoe 6 4 row 
{ -_ 
aAGe .Ot2- Tienes. vit of Somflovicas. ren (8.5) (aa) - 


. 


Sri EPs ad ETIOS TSP ome oft; orh i cat ow 


er Bis MO cielo we Mfoote- Intoy “siete vew 2 Ble . - 

y i 
revert CHerchornoo Vee saad nied tao windy oft Aad 
+E a BAisetnodct tl hatAY sag p Rest ‘PoE CERF 
melt tae ert avo ©; ce), eo aS) sroktenccs Ca tdetan 


- . BOT oesal « soE haere 


ond sayy 


, - © ? “, De iy 
6 £7 Aah mig? ¢ I 


43 


{ rt Wdords = [foes dods | since 


it is the essence of the unitary theory that 
as 
ie Av = 
The right-hand side gives 
Jnv'ds and the left-hande isequal to 
) 
Jf (xR) asa, 
0 
where W is the normal to the surface element. Hence 
cere df. 70 
0 
Simi Lanly , J (Wx B)at 
0 


(4,3) - (4,4) are the boundary conditions at the 


(4, 4) 


Q 


Singularity expressed as line-integrals around the 
Singular line. 
5S. Differential conservation laws. 
The energy-impulse tensor is given, in the usual 
way, by 
ce , rye pnp (551) 


and the MA Ton conservation-laws by 


2 
sik b fie ots (5,2) 


writing ae i: 2) in the space-vector notation 
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me ats as an (EY ohn Rate tae Fe (5,3) 
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Integrating (5,3) over the small torus-surface 
surrounding the singular line, we get, (using [Ede | ); 


JJ (Xa) das fy iE; t (Tx Bof 4s 


i ara cee eee (5, 4) 
Se gmyatds = - {7(¥.G) ds 


the oeune 0 denoting values at any point of the 


“" 


singular line. 


The right tand sides of (5,4) are the expressions for 
the "self-force" expressed as line-integrals extended 
over the singular-line. We will now proceed to show 
that these expressions vanish in virtue of the varia- 
tion principle for varying motions of the singularity. 


6. Dynamical boundary conditions at the 
singularity. 


A variation of the motion of the Singularity consists 
> > : = 
in the variation of Yo (S$, 6), the components of se 


being (06s), ¥, (5), %, (s)) , the variation being however 
independent of S$: 





We can assume that { has the form 
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since this gives the same field-equations (2,6),(2,8). 
Here 6 A are to be considered as functions of 7 ($4) 
whereas T= 77 (St) . In view of the fact that the 
potentials $7 are functions having singular points 
at t, (Ss), the variation will have to be carried out 
in the elaborate way indicated by Born in the two papers 
mentioned above. As done therein we introduce instead 
er, 5 the parameters err G and 


write the variation principle as 
; 4+ = 
facfaganay) & (pe) -% pA = Exhasniaea 


with the subsidiary condition 


= Read 9 hs 
bs oy pegs a (6,3) 


6 _— 
The variation principle (6,2) is the well-known 


principle giving Lorentz-equations of motions, and can 


be treated in exactly the same way. We take account 
of the subsidiary condition (6,3) by a Lagrangian 
multiplier M, and get 


Seer (43 - Re) - 
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(6 5) 


Going to the limiting process of contracting the 
current to a world line of any point of the singular 
line and also taking M=0, in consonance with the 


ideas of the unitary theory, we get (f 46) 


[Jfarys fe. va 


Wfon.ys (Te) <0 
ne ee c (4,6) 


which show that the"self-force" vanishes. The left- 
hand sides of (6,6) are exactly the same as the 
right-hand sides of (5,4). 


We can now replace (5,3) by the equations 


3S + di x” 
OE 
Ley ae 20 (6 7) 


which hold for all fields satisfying 
: 
3 
And. Sf (9-7) dias (6,8) 
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ay 
Let us now define the total energy and momentum by 


ae | Tae : G = {Sav (¢,9) 


Integrating (6,7) over the whole of space excluding 


the singular line by a small torus surface, we get 


ff 
9 


G, + | OR) datas 
7% (6,10) 


“ 
Qo 


E + | (S-a)abds 


since, in consequence of (6,8), the integrals over 
the infinitesimal torus-surface vanish. (6,10) is 
Standard form of the conservation laws with Zero on 
the right-hand sides. 


7. Nature of the singular line. 





We now proceed to show that the condition of the 
vanishing of the self-force leads to the conclusion 
that the density and current density are independent 
of S, and that the singular line is a circle. 
Equating to Zero the components of the self-force 
along the tangent, principal normal and binormal 
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Of these, we consider the equations 
JE, 
| VE, AS 
along wk , 7 olf = @ 
A TE OOO. 


0 


(7,1) 


” 
o 


Introducing the parameter {4 = (an/y) 5 , Where X= per4- 
meter of the curve, we can take the Fourier-expansion 


of Ens as 


En = EM TACKLES Py Sinku (7,2) ~ Ja 


From the first of the conditions (7,1) we have 
[97d +E {7 sku da +2 Pe 2 Sinkudu = 0, (7,3) 


! 
Here all the X'S are entirely arbitrary, but the 


third condition of (7,1) shows that in order that 
(7,3) may hold 


x, 20 
and, JPeaku dao; [7 Sm ku du = ¢ (fer all k) 
but [edu £0 (14) 


Thus all the trigonometric moments are zero, with 


however (7,4); hence ? is a constant independent 


ef $ , In an exactly similar manner the second 
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ant. 
condition of (7,1) shows that Vv is a constan 
Therefore Y is a constant and the singular line 
acircle. Also from the equation of continuity 
07 9 v) =0 
we get My 0 i.e. ? is also independent of t. 
tO 


8. Conclusion. 


It would be possible, next, to consider the equations 
of motion of the ring-singularity in an external 
field which is "constant" over the diameter of the 
ring, just as is done in the papers of Born for the 
point singularity. But in view of the negative re- 
sults we have obtained in the Stationary case with 
the circular ring model, it does not seem profitable 
to carry out this investigation any further. Enough 
work has been done to bring out the fundamental 
principles of the classical part of Born's theory 

&S applied to the ring-singulerity. 
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7. Introduction. 


SOME recent experiments! on the fine structure of the Balmer lines of 
Hydrogen have shown a disagreement between calculated and observed 
term values. Other experiments? reach the opposite conclusion that no 
such disagreement exists. Houston and Hsieh state that the order of the 
magnitude of the effect observed by them is a times the fine-structure 
separation (a = fine-structure constant), and that the theory of fine struc- 
ture requires modification. They have further made the suggestion (pointed 
out by Bohr and Oppenheimer) that the discrepancy might perhaps be 
corrected by taking into account the interaction between the electron and 
the radiation field due to the transitions between several fine-structure levels. 


Several attempts have been made to sharpen the theory of the fine 
structure so as to enable an explanation of this discrepancy. Heller and 
Motz? have attempted to replace the Coulomb potential of the nuclear field 
by the potential of a static field given by the new field theory of Born and 
Infeld.4 Treating the difference between the Born and Coulomb potentials 
as a perturbation, they calculate the term shifts in the one electron Schrédinger 
problem and conclude that the corrections obtained, although in the right 
direction, are much too small to explain the observed discrepancy. They 
further state that a rigorous treatment with the Dirac eigenfunctions does 
not materially alter the situation. Another attempt using the Born poten- 
tial has been made by Meixner.® In place of the Schrodinger wave equation 
employed by Heller and Motz, he uses the Pauli equation which takes 
account of spin and also the relativistic correction. Treating 4, — ¢, as a 





1 W. V. Houston and Y. M. Hsieh, Phys. Rev., 1934, 45, 263. 
R. C. Williams and R. C. Gibbs, ibid., p. 475. 
2 F. H. Spedding, C. D. Shane and N.S. Grace, Phys. Rev., 1935, 47, 38. 
3G, Heller and L. Motz, Phys. Rev., 1934, 46, 202. 
4 M. Born and L. Infeld, Proc. Roy. Soc., 1934, A144, 425. 
5 J. Meixner, Ann. der Phys., 1935, [5] 23, 371. 
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perturbation the result is obtained that the spin and relativity corrections 
are half as large as those obtained from Schrédinger’s theory. Nevertheless, 
the total correction is shown to be negligible if one uses for the electron the 
radius of Born’s field theory. If, instead of this radius, the radius as modi- 
fied by Born and Schrédinger® be used the result, as shown by Meixner, 
is that nearly 30% of the discrepancy can be explained. 


I have attempted in this paper to estimate the order of magnitude of the 
corrections obtained by taking into account the interaction of the electron 
with its own radiation field. For this purpose, I have used Born’s field theory 
since by its unitary nature this theory can be expected to take care of this 
interaction automatically. This has been made possible by the two recent 
papers of Born’ on the unitary theory of field and matter wherein the effect 
of an external field is taken into consideration provided that the external 
field be subject to the restriction that it be constant over the ‘‘ diameter ”’ 
of the electron. If we observe that the radius of the electron is of the order 
of 10-18 cm. and the radius of the H-atom 10-8 em., it is evident that the 
external field of the nucleus satisfies the restriction stated abeve. 


The method of procedure I adopt is to calculate the energy of the 
electromagnetic field wherein the electron is a singularity and is acted upon 
by the “‘ constant ’’ nuclear field, following the steps indicated in the above 
two papers of Born. The energy is obtained as the sum of two terms Wo 
and AW, the former being the energy unperturbed by the external field 
and AW the perturbation energy. I next employ this perturbation term 
in the wave equation and estimate the correction in the several spectral 
terms. 


The result I have obtained is that, if we use the Born radius of the 
electron, the corrections due to the interaction of the electron and the 
radiation field are negligible.8 If, on the other hand, we use the Born- 
Schrodinger radius the corrections obtained explain one or two per cent. of 
the discrepancy. The notion of the Born-Schrédinger radius is ee 
however, to great theoretical difficulties, For one thing it would spoil the 


® M. Born and E. Schrédinger, Nature, 19355 135.1342: 
"M. Born, Proc. Ind. Acad. Sci., 1936, 3, No. 1, 8; and ibid., 3, 2, 85. 


“Ina recent paper, Meixner (Ann. der Phys., 1936 
question of this correction by using the methods of Wei 
theory of radiation and has come to the same conclusion as 
this purely quantum treatment 
This paper deals comprehensi 
question, 


[5] 27, 389) has treated the 
sskopf and Wigner in Dirac’s 
8 mine. It is quite natural that 
— not involve any question of radius of the electron 
vely with the several Possible theoretical aspects of the 
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beautiful coincidences in the phenomenon of scattering of light by light® on 
Born’s classical field theory and Dirac’s purely quantum hole theory. It 
would also contradict the value! ze*/mc* (experimentally confirmed) of the 
cross-section for the scattering by electrons of light of long wave-length. If 
we, therefore, lay aside the Born-Schrodinger radius as untenable, we can 
conclude that the interaction of the electron and radiation field does not 
materially effect the energy levels. It is remarkable that this investigation 
and Meixner’s totally different method should lead to identical conclusions. 


2. Energy of Electron in Constant External Field. 


We assume the field of the nucleus constant over the diameter of the 
electron and determine the energy of the latter following the method of 
Born in the two papers mentioned above. (See reference [7].) 


The total field is written 


_ ~ > _ > >] 
f=Ke +H; B=Be +B 
ee Se oe ees () 
and D=D+D'; H= HH +H} 


where the e- and 7-fields denote the external field and field due to the 


> > >. >. 
electron itself. At infinity the fields E’, B’, D’ and H’ all tend to zero. 
The energy is calculated from 


w= {Ud (2) 


where U is the energy-density given by 


Stee oy 
A ae De ERE Gt (3) 

> > _ > > 

and $ = (D x B) = (2.x 4H). 


i 
We treat the e-fields as constants and also omit terms like Dé within the 
square root expression. This last is permissible since we can confine our- 
selves, so far as the range of integration is concerned, to a small neighbour- 
hood of the singularity wherein almost all the energy is concentrated and 
wherein the e-fields are negligible compared to the i-fields. In the purely 


 / D2 4 
Ute i eel “) 


9 See for e.g., L. Euler, Ann. der Phys., 1936, 26, 398. Also M. Born, Proc. Ind. 
Acad. Sci., 1935, 2, No. 6, 53a 
10 See M. Born, Naturw., 1932, 20, 269; also, Nature, 1935, 136, 952. 
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introducing the absolute field b and the conventional units. We assume 


> 
the field De constant both in magnitude and direction and take the latter 
as the x-direction with the origin taken at the singularity. Thus we can 
take 


oe 
D¢ as (Dé = D,¢, 0; 0) 
> ¢ 
and D’ as G . = es ‘ J e ; =) 
7 Y v2 


) Se Y 


-> > > 
and put D = Dé + D? in (4). This gives 


Sea 

> ,  D® De®  IWDeDicos o 

= ait (/1 + op + Fe te — 1 ) 2artar sin a0 
0 6 


> 
6 being the angle between D? and the x-direction. 


2 D2 2 z 
or, W = eff (/ + Fe + ee a ) 2rr*dr sin 646 
=e D? 2D°Di cos 6/b7)* 
= a (/1 +3 + ! ar 1 + D2 \ _ 1) 2rrdr sin 648. 


HKxpanding the square root with the aid of the Binomial theorem up to the 
second power of Dé we find in virtue of 














/ cos 6 sin 6d0 = 0, that 


co WF 
wo) be D#D# cos? 6/b! 
W=W — 5 f f ee agen ota 





(1+ D? /b?)2 2 
mae wa f Di Ley 
(1+D*? 1+ D#*/b8 
=v, — Dire (F _nie 
; 5 at: 18)? () 


where Wee b i2 
as (/1 4 ts — 1) 27r?dr sin 6d0 


and we have made the substitutions Dé 
Born-radius™ of the electron. 


ee 


11 See reference [4], p. 439, 


= er? 
|r? and b =e/r,, 1, being the 


The integral in (5) can be easily integrated 
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by putting ry = 79x and is equal to 


4 7 ade 
7 -4) 3 
0 ; (1+-x4)2 
ee ile cea : 
2ry © di a) ‘ 


Woes Vitae G7, 


1 
where f(0) — f(x) =4F ( a 2 arc tan *) and F (k, 2 are tan x) is the 











Jacobian elliptic integral of the first kind for k = 


Hence (5) reduces to 


D2 7,3 
W = Wy — 5° £0). (6) 





Expression (6) shows how, on the present theory, the energy is modified 
when the effect of the external field is taken into consideration. We now 
put in (6), 


Ze 
fie 
b= 5 (7) 
the ry being now referred to the nucleus as origin and obtain 
* ’ Ze*7,3 f(0) 1 : A : 
WS We = =a. a= Wo — 5 (8) 


We now proceed to use the second term on the right hand-side of (8) as 
a perturbation and obtain the modification in the fine structure. 
3. Theory of Fine Structure. 

The present position of the theory of fine structure is that the correct 
explanation is afforded by Dirac’s theory of the electron which gives results 
in accord with Sommerfeld’s formula derived on the basis of the old quan- 
tum theory. The approximate two-matrix method of Pauli also gives 
correct results and is equivalent to the original Schrédinger-Gordon-Klein 
wave equation with the proper correction for spin. We can write the 
complete wave equation where the relativistic variation of mass and the 
spin are taken into consideration in the form™ 


822m , Ze* 
Ad 1 a (We oh y oe Vader Vein ) if eda (9) 
where V,., and V,,in can be treated as perturbation terms and are of the form 


eta 
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= ] : ] 10 
V Hels a v2 and V spin ~ Pr . ( ) 


; ; : es 
A treatment of equation (9) by using perturbation methods amounts to 

i ; 1/73 wi spec ial wave functions 
finding the averages 1/r? and 1/r° with respect to the — o 
of the unperturbed Schrédinger wave equation and gives the same resu 
as obtained by Pauli’s equation 


2 
SW + ef + s 


( 2m 


e - ch > > 
A tata (W + ep) + 2, (Ep) — 7%, (CLE x pp} 
=0 (11) 
; 7 woe 
where W =total energy, o = Pauli’s spin matrix, A =diograd, p = i 
grad. 

We now take account of a further perturbation due to our equation (8), 
wherein the W, is really to be taken equal to the expression within brackets 
in the left-hand side of (9), and introduce it in (9). The modified wave 
equation can be written as 
Sa?m 


2 
A ob “fe a (We 2 ae —V Weta a Vicia ) = 0 (12) 


where Vee ~ B is the perturbation term in (8) and can be taken to denote 
the interaction of electron and field. 
Hence if AW be the energy correction we have 
AW =— Aljr (13) 
where the mean value is taken with respect to the radial Schrédinger func- 
tion of the unperturbed equation. 


Before proceeding to estimate the magnitude of the correction as shown 
by (13) it is necessary to remove a difficulty connected with 1/rt for the 
s-terms (1.e., / = 0). A reference to Bethe’s article p. 286 shows that this 
is equal to co, but we can get over the difficulty if we observe that for 
s-terms we are concerned with values of nearly equal to zero and for such 
values we cannot neglect ed = Ze*/y as compared with the 
Ky = mc. This is the approximation made in deriving (11 
exact wave equation. We have therefore to replace! 


= = i R?. oe by f gee ttre ane 
a Ee Yr (1+ ez/mc*r)? 


, R°? dr 
1.€., by = = 
oY if (+a where py = e/mc?, z = 1 (14) 
and R =R,, is the radial Schrédinger function. 


rest-energy 
) from Dirac’s 








13 See Bethe, Handb. d Phys. s. Auf., Bd 24/1 
» Ha - Phys. s. Anf., - 24/1, p. 305. 
1# See Bethe, ibid., footnote on p. 307. 
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Further in integrating (14) we can take the limits as 0 and po themselves 
and use for R,, in this region the values 


1 We S+1 
RGR ire ee Nu cate 22\* 
Prorat Nie =bh— lan a) p aS) 


An elementary calculation obtained by putting (15) in (14) and integrating 
between the limits 0 and py shows that for s-terms no mistake would be 
committed as regards order of magnitude if 1/r4 were to be put equal to unity 
multiplied by Z4/a,.. 

As regards | higher terms like p- and d-terms the values of the numerical 
factors of 1/r* for 1 =1, 2, etc., are small fractions which have all been 
calculated in Bethe’s tables referred to above. Hence we can take the order 
of magnitude of the energy correction due to the interaction of the radiation 
and the electron as 

AW ~ AZ4A/ay4 ~ Z8e?7,2f(0) /12au4. (16) 
With Z = 1, the correction in the wave number is given by 
Avu i ere f(0) ar? f(0) 
Cc 12hc at ot Qa Xx 12 Ge 





one (17) 


where a is the fine-structure constant given by a =7-28 x 107%. 
Putting in (17), 7 =2-28 x 10-* 
2 
and ay = ue == Sse. x L0~* cm, 
me 
f(0) =1°8, 


Ary 
c 
If we observe that the discrepancy actually observed is of the order 
10-3 cm.-! it will be seen that the correction obtained is negligible. 
If, however, the Born-Schrédinger radius be substituted in (17) we have, 
since this radius is nearly equal to 14 7%, 


LSP 
c 


we obtain 


weds 1On2 Cia 


ad So LOa SS Cthiaa 


i.e., only about two per cent. of the discrepancy is explained. We might 
therefore conclude that the corrections obtained are negligible. 
4. Conclusion. 


I wish to thank Prof. Max Born who suggested this problem to me in 
the winter of 1935 and also indicated the method of procedure to be adopted. 


15 Bethe, ibid., p. 283. 
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7. Introduction. 


In their first paper! on the quantisation of the field equations of the new 
field theory, Born and Infeld showed that there are four possible stand- 
points for the choice of the action function needed to develop the field theory. 


These correspond to the four ways of choosing the primary field vectors 
a ee > > 


>» 
(one electric and one magnetic) from among E, D, H, B, viz., E, B —D, 
> > > > > . ; : ; 
H —D, B —E, H. In each case there exists an action function from which 


the complementary pair can be derived by differentiation. In the first two 
> 3S 
cases the action functions were respectively the Lagrangian I, (B, E) and the 
> 3S : 
Hamiltonian H (D, H) and Born and Infeld have shown in an earlier paper? 
that in both these cases the action functions can be explicitly put, using the 
antisymmetrical tensors f,; and p,;, in an invariant form and similarly that 
the relations connecting primary and secondary vectors can be exhibited 
in a Lorentz-invariant form using tensor notation. 


> OS 
The other two methods of choice which correspond to U (D, B) the 
a — Q F 
energy-density and V (E, H) mean the splitting of the antisymmetrical 


tensors and hence the abandonment of the four dimensional tensor notation. 
It is however necessary for the relativistic invariance of the new field theory 


that the relations 





=> OU eee oU 

E = res H — ss 

oD oB 

‘ es av = OV 
and Ua ee oe 
dE oH 


should be Lorentz-invariant. We show in this paper that the above relations 
and consequently the field equations derived from U and V are invariant 





1 Born and Infeld, Proc. Roy. Soc., A, 1934, 147, 522. 
2 Proc. Roy. Soc., A, 1934, 144, 425. 
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against Lorentz-transformations although U and V themselves are not Lorentz- 
invariant. For this purpose we employ the (B)- and (C)-transformations of 
Einstein and Mayer’s semi-vector theory? and show that the first set of the 
above relations are invariant against the (B)- and the second set against the 
(C)-transformations. 
> — > > - a -- - 

The conditions (B x H) +(D x E) =90, and (D x B) =(E x H) 
which are necessary for the relativistic invariance’ of the field theory are 
examined for invariance under the above transformations and it is shown 
that while the first condition is invariant only under the (B)-transformations 
the second is so under both. 

The several invariants are expressed in spinor notation and it is shown 
therefrom that U and V are not spinor invariants. 


* 


2. U and V not Lorentz-invariant. 


> > 3 8S 
The Lagrangian L = I, (B* — E?, B-E) = I, (F, G) and the Hamiltonian 


-- > 3 3S 
cio He) PO) 
are Lorentz-invariant since F, G, P and Q are tensor invariant but 


>> 
U=L+(D-F) 
ead woe 1) 24h eu) 


' : F — — -- 
are not Lorentz-invariant since (D - E) and (B - H) are not so being merely 


space-invariants, 
3. U and V not spinor-invariant. 

We can also prove that U and V are not Lorentz-invariant by showing 

that they are not spinor invariants, Usin i : 
: g the notation of 
Uhlenbeck® let eae 
G# = fl + f*# (using the Minkowski line element) 

be a self-dual antisymmetric tensor. We have 


{Ge Sha er (a fats 


Gus =fia + thas) <0 a 
such that the relations (fis, fos, fos) > E 


rg Hae Sue tes ae e can: are satisfied, 





3 Einstein and Mayer, Berl, Ber., 1932, 522. 
4 See Born and Infeld, Proc. Roy. Soc., A, 1935 150, 159 
®° Laporte and Uhlenbeck, Phys. Rev., 1931, 38 (II) 1380. 
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Denoting the “ Kenn-zahlen”’ of G# by ky, ka, kg we can write 
0 ks ci hg a tk, 


GH es —k, 0 ky oe Rg 


ky — kh, O — th, 
tk, tk tks 0 
from which we easily deduce G.3= — ki=fes— thas Gau= —he= 
fa — tf; Ge= hs =fr, — ifss- 
We can associate with G* the two conjugate symmetric spinors g,, and g** 
whose elements are given by 


Gii = 2 (hg + th,); gen = 2 (he — thy) ; Bis = 84, = — 2th, 
fu = Sy (2 —_ th,) ; £22 = — 2 (ke “f- ik Ne > 812 = fai = Qiks. 
We can form the two spinor-invariants 
&rs Of and g,; gs. 
Brs 8° = 8 8 + B12 8 + Bar 8 + Boe 8 = 2 (B11 Bee — 810") 
Brs 87S = (hq — thy) (hy + ik,) = He ps = hye + ke + he 
= (fos + tf)? + (for + toa)? + (fre + tfaa)? 
=F + 2G. 
In exactly the same way, we have 
& 8s gr = kh? + ki? + ky = F— 2G 
which proves the invariance of F and G. 


> 
A penn Dinas ->H 
Next consider, H = p¥ +4. p*# pianae ss ) 


= 
Pus, por Psy > D 
and associate the spinors h,, and hs defined 
by 1,, 1, 13. The invariants h,, h” and h;, hs give exactly as above the 
two spinor-invariants 
th, hs =P + 20 
4h; hrs = P — 21Q 
which proves the invariance of P and Q. 
We can also consider the mixed invariants 
Lys hs and g;; hrs. 
We have 
Sys WS = By MY + Big Hh? + Bo W* + bre h™ = 11 Nog + S00 My — 2810 Ie 
6.6.48) = (ka — th) (ly + oe (ky + thy) (lo — tl,) — 2(ths) (ils) 


and } g,, WS = hy 1, + hele +, ly = (fos — tha) (Pos — tPrs) + 
a ae ae 
= (BH — ED) — i (BD + EH). 
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In exactly the same way, we find 


3S 


mene >> >> 
= (BH — ED) + 7 (BD + EH) 
+S ano 3S >> 
which proves the invariance of (BH — ED) ; (BD + EH). 
-> ad so > ~ ad 
We have so far proved that (B?— E?), (BE); (H® — D*), (HD); 


a> 3S >> >> - ; . 
(BH — ED) and (BD + EH) are spinor-invariants but these are also 
tensor invariants as evident from the following forms 


> > >> . 
B? — FE? =} fy f¥; (BE) = 1/4 fa f* 

> > 32> Fs 
D? — H? = 3p py" =4 py p”; (HD) = 1/4 p* per 


3S so 


+o we 
BH — ED= 3p” fy, BD +EH =3p™ faz 
In terms of k, ky, kg and 1,, /2, /s these invariants are derived from the forms 

hye + Ry? + ees Re + Ry? + hes 1? + 12 + 12312 + 1? + 12, 

Bri ky he 4k, bs and BL, ea Se ke: 
We can now form the four expressions 

bik hy ly Phy het + Gk ee 

ky ly + Re ls + hg ls; ky ly + hy ls + hg ls 


which reduce to 

> eee a 33 lO ES FS 2S 3S ied 3S 
BY + E*?; H? + D’; (BH+ED) +7(RH — BD); (BH + ED) —i(EH — BD). 
These are not however spinor-invariants since they correspond to the forms 


Srs 85 5 ys hrs 5 gs h*s ; grs h”s and contraction of dotted and undotted indices 
, : 7 323 3S 
does not give such an invariant. Thus BH + ED is not a spinor-invariant 


eee et >> a 
while BH— ED is so. Hence (DE) and (BH) are not spinor, i.e., Lorentz- 


invariants and the same is consequently true of U and V. 
4. Semi-Vectors. 


We will give here those parts of the Kinstein-Mayer theory of semi- 
vectors which will be used in the present investigation. Since Einstein- 
Mayer use the Minkowski line-element we shall transfer the results to the 
case of the line element used in the field theorv. 


According to the line-element used in the Born-In 


feld tl row 2 
the relation 1eory we have 


(hiz’)” = — hig 
so that, if h,* = ah;,. 


61 
440 B. S. Madhava Rao 


We easily derive a2 = — 1, 4.2, a=2+4; and, hence the self-dual and 
anti-dual antisymmetric tensors are defined by 
* . * . 
Ui = tu, and vz" = — iv,, 
and using the rule of pulling the indices up and down 
ies = — 1yy; Uy = igs, etc. 
Veg = — 14.5 Vig — = 199, ete: 
just as in the Einstein-Mayer theory. ‘The special antisymmetric u’s and v’s 
form a linear space and because of this linearity any u;, (or v,,) can be expressed 
in terms of three suitably chosen u;,’s (or v's). Let us take u,, defined 
1 


such that all except u3 is equal to zero, but t3 = — M4 =1 with u, and 
z x 2 


u;z Similarly defined. We can then form any u;, by 
3 


Ujp = O, Ujzp + ag Uz + ag Uyz | 
1 2 3 


a. ‘ 
and similarly Vip = Bi Vig +B, vy + Bs viz | 
Z 2 3 
where a, a, a; and f,, B,, 8s are quite arbitrary. We can thus write 
Ug, = 4, Us, = Ag, Ujyn = Ag, Uy, = 104,°°°- \ (1) 
Vsg = Py, Ug, = Bo, M2 = Bs, Vy =— 18,,---- 


Let (a;,) be the group (D) of rotations constituting the Lorentz-group 
and let us write 
Dip = Dip Cy? 
where (b;z), (¢;z) are two sub-groups of the Lorentz-group and also isomor- 
phous with (a;,). The condition for the existence of such a factorisation 
is that the b- and c-rotations be “ vertauschbar’’. When this condition 
is satisfied and when c;, is taken as the infinitesimal rotation 
Cin = Bik 1 Vig 
we can determine 0;, from the necessary consequence that (b;,) is “austachbar”’ 
with (v;,). We can find for d,, the form 
bing = bgig + Uig 
where b = 01, = Dog = bsg = — Dyy. In general the (0;,) so determined will 
not be a‘‘ Drehung’’ and will be onc if 
GO+i4,u* = 1. 
The group of rotations in (b,,), 7.e., those satisfying the above condition - 
denoted by (B) and is the greatest common measure of (a) and (b;,). We 
can similarly define the sub-group of rotations (C). 
An infinitesimal element of the group (0;g) is given by giz (1 aE 80) + 
Su,, (big = bgizg + uz) and the condition, for this being a rotation, v?z,, 
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P+ uy, u# = 1, becomes 
(1 + 8b)? + } 5u,, 5u# = 1 or 6b = 0. 
Hence an infinitesimal element of (B) is g;z + 5u;,; similarly an infinitesimal 
element of the group (C) is given by 
Liz + Sv;4, 1.€., by 
°, Bonet e 2 . 7 . (2) 
Cip = Sig + Svs 
§. Equations of transformation. 


The equations connecting field quantities® can be written in the form, 


> — > 
D (t+ BY) — BR 


Hy 





V (1 + dD’) (1 + B)—R? 
. : - (3) 
2 ___BQ+D)—DrR 





V1 + DY) (1 + BYR 





where U = V/ (1 + D) (1 + BY) — R*, and R = (D-B). 

We will show that the equations (3) are invariant with respect to trans- 
formations of the group (B) and thus establish their I,orentz-invariance. 
Since group (B) consists of rotations, it is sufficient to consider only infinitesi- 
mal elements of the group. 


Let us denote by 
wx, x8, x4 —> x, y, 2, t 
aM, 68, x8", xh! ——> x! y’ 2", t! 
the co-ordinates of world-points in systems J and 5” connected by infinitesimal 
transformations defined by (2). : 


In consonance with (2) we can write such a transformation as 


xP = gyP xY + Suh av ea os (4) 
such that g,* = i ne ae 
Orab jute x 


and the dot in w,* denotes the order of the indi 
‘ ces. The tensor com 
fiz and pj, are derived from the transformation tules of tensors iinet 
fra = (g” + 8u,”) (ga? + 81?) fyp =f + bu," fy, + du,” f, . 
' é ¥ lv 
Sac= (go” + du”) (gs? + 513°) Sve = fog + 512” fis + nae 


here, in consequence of the infinitesimal nature of the transformation 
, we 


6 Born and Infeld, Ref, (1), p. 525, formula (2.7A), 
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neglect the coefficient of the second power of 6. Writing these in the 
expanded form, we get 


fia = fi + da, (fas + tfix) — daz (fos + ifs) 
f'o3 = fog + Bay (fiz — tsa) — daz (for — 7 oe ; 


making using of (1). Introducing a space- -vector a a whose components are 
(a1, ag, ag) these equations can be written as 


(5) 


> => ee = > > ———_-_-> (6) 

D' =D B48 (a x H—7D);H’ =H +8(a x H — iD) 
the second set in (6) being obtained by the transformation of the components 
of the tensor pz. Dealing with the (C)-Lorentz-transformation in a similar 


way we have the equations of transformation 


fru =f — 1882 (fe + tfas) + 288s ( (far + tfos) Y 


i ae > — noes ee 
Boe Eons @ x BOik); B =8 | 





5! 
fos = fos + SB (fz + thea) — S85 (far + tfoa)S ) 
or taking B —> (B1, Be, Bs), 
> ss — eee > - > ——- 
BS ees oon iain). Bee ge re 
Do = i— 63 Ok HfsD) WS 88 oo ah 


6. Lorentz-invariance of the conditions. 


_ ~ > > > > > > 
(BE x HB) —(D x B) =0; (EF xD) +H XB) = 
Before proceeding to prove the invariance of the equations (3) we will 
consider the transformation of the above two conditions 


(Ex H)—(DxB)=0 .. _ _ - en 
> > > > 
and (K xD)+(H xB)=0 .} di uy, za ve (8) 


under (6) and (6’). The conditions (7) and (8) are intimately connected 
with the question of the Lorentz-invariance of the field equations derived 
from U. In fact, it is known [cf., Born-Infeld, Reference (4)] that the former 
is a necessary and sufficient condition while the latter is a necessary one 
only. We will now show that (7) remains invariant under both the (B)- and 
(C)-transformations while (8) does so only under the (B)-transformation. 
Under transformation (6), 


> — (> ——-. 
(0'« B) — (Bx H) = {D +8 @xH SGD} x 1B P8iexe 2 yen 
—~ {B+ x B—iH)} xtH +8(a x H —1)| 
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——> 


eee - > 
_sbx(ex Bik) —8B x (@ x H — iD) —8E 








> 


E x H) = 0 from (8)] 


- 


2 — 
y SCH oD) + 18H site x B — 1E) 
[(since (D x B) — ( 


(2 a> > >) re > > . 2) 
_i3{%(-2) -D(G-a)} +2 {H(B-a) —B(H-a) 
> > > > -> > > > 2} 
18{H@-a) -E@-a)} +8 1D(B-a) —B(D-a) 


> 
[since all terms in a cancel out] 
> > 3 > > 9 > > > 
= ih ak (Ex D) +718ax (Hx B) +8ax (Hx E) + 8a x (Dx B) 
= 0, using (7) and (8). 
Under transformation (6’), 


a —a a a 
(D’ x B’) _ (E’ x H’) 












= 18B x (B oe Heit). isH x (B x B +78) 

> > > > 
+ 8D x (6 x B +2) — SE x (B x + iD) 
-8{B@-f)-H@B-§}+0(DG-f) -E0-p} 
+ 5{H(E-p)—-EH-f)} +8 (DB-A —BD-A)} 
=i38 x (Bx H)+(D xe} +098 x {xB +xB} 


= 0, using (7) and (8). 


Under transformation (6), 


> > > > > > 
(E’ x D’) + (H' x BY) = 180 x (E x H) 48a x (BX D) 480 


Finally, under transformation (6/ 


’ 


> > > FS 


(E’ x D’) + (H’ x B’) = 2188 
( 


+8 REZ +E(H +A} +288 x Ex Dd) 


and the coefficients Pac! 22 ge B sealarly and vectorially do not vanish, 


Remembering that Bi is an arbitrary vector with the “ Kennzahlen ”’ Bi, Be, Bs 
belonging to an arbitrary anti-dual antisymmetric v,,, this shows that condi- 
tion (8) is not invariant under the (C)-transformations, 
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7. Lorentz-invariance of the field equations, 


Consider now the right-hand side of the first of the equations (3) and 
let us determine how it is transformed under (6). 


> ——> _ > 35 > 
D= D! + 23a (H — aD x b) = D? + 2#8a (H x D) 
—> > 
B2— Be + 2i3a (2 3H. x B) = B oo 28a (B x E) 
2 ——— _—-S > 
(BY -D) =(B -D) 4: 8a (Bi OD) ate & B) 
> 3 > 5 > > 5 > 
=(B-D) — 182 (& xD) + 1a (H x B) 
> 5 > > 5 > , 
1.., R’ =R + 218 (H x B) = R — 23a (E x D) using (8) 
> 5 _ 
R?= R? + 478Ra (H x B) 
> > 
and (1 + D”) (1 + B?) —R?=2 4 213Q, ce a .. (9) 
> —- 
where 2 = (1 + D?) (1 + B?) — R? 
a - a > > 5 > 
and 2,.=(1+B*a-(H x D) +(1+D%)a-(B Ei 2Re (HB), 
Similarly for the numerator, 


> > 
D’ (1 + B) _ PRE 1D Di(1 + B) —BR} + 62, es eer Los 
> (> 3 3 } 


> : { 
where @, =7 (1 + BY) (a x H —@D) + 2D {a -(B x B) 
—— 


(a 
> _ 
eit a a{He B) Po eR ia oc er: 
Hence the expression 
> > > > - => 
D’ (1+ B”) — B’R’ 1D (1+B) — BR} +62, 


a , from (9) and (10) 
V 2+ U6Q, 





V +b (145%) —R" 
> > — ) Sr ae 
_ {D (1+) — BR} +30, Gee 200;) 


VQ ( Q 
es Be 5 18.Q, 

[ {D+ BY = BR} +82, ] [1- ea 
aa) VQ 

D(1+B)— BR , 8 12,—10,E/ Pee 
ier tirer reno 2 

VQ 
50, _ 15048 eS : 5 & .. (11) 


Eo eal 
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B! D 1+D))—DR_ > 
Now, 2% =——"—--—— a (B x D) 2Ra oa 
> > 
[substituting for H and E from (3)] 
_3>°> ~ (12) 
=2 72 a(B x D) P me oo ee ae 
= = ) . 
Also @,= {(1 +B) (2 x D) —R(a x B)J +2 (1 + BY (a x H) 
= _ > (>> >) > >> > 
+iR (a x E) + 27D (a(B X E)j — 2B {a (H x B)} 





x 
> 
> Je ee 
apee AOR 2 ols 


VQ 
+ inex D (1+ Be) — aE) BR 


>(> > | oh (nob >) 
4+2D{a(B x E)} +2%Bia(B x D)} 
_> + _-> a > 32> 2 23> 
= VQ (a x E) +1 VQ (a x B) + 2D (aBE) + 2B (aED) .. (13) 
(the last two terms containing scalar triple products within brackets). 
Putting (12) and (13) in (11) we get 
+ > > aa = 
L. H. 8. of (11) =E +6 (a x E) + 78 (a x B) 
278 > 38 8 a 3-3 8 8S 
ae {DBE + B(aED) -E@Bp)l. 


Now for any four vectors a, b, c, d we can deduce the identity 
> OF > 35> > 335 > 33> 
a(bcd) —b(acd) +c(abd) —d(abc) =0 
and using this identity the terms within { } on the right hand side of the 
above expression reduce to 





a (D BE) which is equal to 
3-38 8 > (> > > > (> > 
=a(BED) =a (B-(ExD)} =2{B-@xH] 
> (> oe > 
=a jH-: et =i") 
Hence, 
ry 
Dp’ a+) — B/R’ > > > 
== = SE 8 fa B) 4 O(a eB) 


V (1+D*) (1+B%) — R2 


; es (14) 
[using (6)] 


Hence we have proved the Lorentz-iny ariance of the first of the equations (3) 
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We can similarly ae the invariance of the second of the equations (3), 
a B’ 1+ D’)— D’R’ é cas 
considering 8 (14D) — DRY , the denominator is given by exactly 
(1+ D”) (i+ B’2) — Re 
the same expression (9), As regards the numerator we can write it in the form 








> os > > 
Bie) Se) PhO, a, ss ms 2 een 
> > > > > > 32> 
where 2,= (1 + D’) (a x B —iE) —iR ae x H —1D) + 2¢B (aHD) 
> 3355 
— 21D (aHB), 
and in place of (11) we have the expression 
50 > 
162,H . 
H —- > (11’) 
+78 is 2 
SS , 
where 2, = 2 Q (aBD) a, . as es 
— _ > 3 > ; > > 3 
and 2, = {a x [(1 + D?) B — DR]} — 7 (1 + D2) fe x E) —4R (a x H) 
> 35> on 335 
+ 27B (aHB) — 27D ee 
> 
_> > ; pee) > BART Lee Re = BR ! 
2 a an Ue AN SR es 
= V7Q (ax H) i 4By fe VO 
3 1 pb? _DPrR > 33 OF > 333 
Pee ee eee ate) Orica 
VQ 
> 335 > 25> 


— ca a. ‘ 
ay @ x H) —i VQ i x D) + 2¢B («HB) — 2:D (aHB).. (13’) 
(11’) reduces to 


Ws eee) = oe D) 


7 > >> 


5 (2 22> > 335 
= aHD)— D (aHB) — H (aBD 
76 (B @HD) — B (HB) — Hi (BD) 





From the identity of triple scalar products mentioned above the last 


term within the { } reduces to 


> 33O 
a (BHD) 
> 33> 
= a (DBH) =a (DED), using (8) 
= 0. 


Hence we have shown that 


+ ae yen > — 
B/ (1 + D*)—D'R as _ 48(a x H) — 16 (a X D) 





ie “S Es 2 
Vv (FD) (1 Be R 
aa > : 
=H +8(a x H —12D) 
+ 
=H’, using (16) 
which proves the Lorentz-invariance of the second of the equations (3), 
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> > 
8. Equations when E and H are independent variables.’ 


Starting from the es 


_V 14 (eB) -G-1 .. x .. (a) 
where G = (E . B) oe ae > ee ta) 
we want to express the function 

>> 
V =L — (BH) Ne oa — ee fe) 


: + - 
as function of E and H. 


From the equations derived from L, we have 


ot LS B — GE 
H = SS se nee ss 4a) 
oB ec iss 
therefore 
By pe 2 
(B-H)= B? —G 


Ciao ae ee 
1+B? — EK? — G? 
and from (c) using (@) 


v = Vi+E— HG — ee ae 





hanes era ck o. ae sa (e) 
1S GC 


We now denote 


> > 
5S =(E -H) os a me oe eth 
and obtain for S from (d) 


; —> 
g = —O0-#) 


V14B!— Be — G2 i? 
From (g) and (e) it follows 
S 
V.= 5 =—1.. 
G Ne z “a »- (A) 


7 In this par agraph we hav ac Ss s e 
: : ’ ve followed ex ly t i 
tet a oes Ret ( ,. xactly he same method as in the app ndix, due to 
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write first (d) in the following form 

ne > > > 

he B — GE i 


oe OS 
1— Via Be Bt G? 
and because of (g) 
— _ 
Bree 


sae 5 * 
ieee a se a -+ (2) 


Wy 


Now we solve (g) and (7) with respect to G by eliminating B. 
Squaring (g) gives 
- — > 

ere B2 + G3 {S? + ( — E?)} =S2 (1 — E?) ae (7) 
Squaring (7) gives 

> > > a 

S? B? = G? {H? (1 — E?)? + S$? (2 — E4}} a mat Le) 
From (7) and (f) follows 
> > + - 
G? {(1 — E?)? (1— H?) — S? (1— E?)} = S?(1 — E?) 


or, 
S 
G = i Sl aS aig Pee oad (2) 
V (1-8) (1-H) -s* 
Introduction of (/) into (i) gives 


ee 
y= 8 (l1— H’?)—S- 1 ie a. (t) 
As regards the equations to be derived from V, we have 
> OS > > 
dV =dl, — BdH — HaB 
a ereols 
and fe ge eed 
oH oB 
>> > 3S 
= — DdE + HdB 
> > > SD >> >> 
- dV = — DdE + HdB — BdH — HdB 


2 > > 
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Using for V the expression obtained in (m) above, these can be written as 
> > > 
(1— H?) E+SH 


V1 — 8 (1 — H4) — $ 


oy 





.. (16) 
> 3 > 
B= (1— E?) H+SE 


V (1 —) (1 — HY) — 8 





9. Lorentz-invariance of the field equations derived from V. 


We now proceed to prove that the equations (16) are invariant with 
respect to the (C)-transformations contained in (6’). 


We write 


> 


> > >> —————— > > > + ~> > 
E? = E?— 28E (6 x B + 7E) = E?— 218E (8x B) = E?— 2/88 (B x E) 


> —> = 


ey rd > 
S' =(E’- H’) =S +3E (8 x H + iD) — 8H (8 x B + iE) 


> > = 


> ; x > 
=S 4135 (B x D) — iH (8 x B) =S — 138 (E x dD) 
>> > 
rae + 188 (H x B) 
=S +4 2188 (H x B). 
; >> > 
S!?=: S$? 4 41388 (H x B) 
a => 
(1 — 8%) (1-H) — s2= @ + 2980, 
where Q =(1—#) (1-H _g 
> 25 > > > > 
atl 2, =(1-E) BH xD) +01 By BB x E) — 288 (H x B). 


Similarly E’(1 —H") + Hs’— {E HS} +380 
y E'(1—H) +H’s’= (E (1-14.88 } 430, where 


,= 2K (BHD) — 3 (1 — HY) (2 x BGR) +h (BHB) 


> —— > 

+S (8 x H +:iD) 

H . 4 . . 
ence the right-hand side of the first equation in (16) in the co-ordinate 


ad 
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system 2” reduces to 
(& (1— H2) +H} +30 86 
rhb ee ist ose, a as i82,D 
RLS —— —D — ee 
V 2+ 2EQ, oer eee 


» 
Corresponding to (12) and (13), Q, and Q, simplify to 


Q,=2VQB (EH x . B) 


> > 35 


and Q,= VQ (6 x D) —i VOB x H) + 28 BHD) + 24 (BH). 


Hence 


+ 3 | H (HB) + E (GHD) —D )| 
=D +3(B x D) — a x H) +5 {6 (EnD) | 


[using (8) and the vector-identity], 





sS > > 335 335 
= D — 16 (8 xX H +7D), since (EHD) = (HDE) 
335 
= (HHB) from (8) = 0. 
= D’, using (6’). 


This proves the Lorentz-invariance of the first equation of (16). 
a 
For the second equation, we need only calculate 2; corresponding to ~ 


(13’). This is easily found to be 
> 33> > 23> 


Q,= V2 (B x B) +i VOB x E) + 2H (BBE) + WE (BEB) 


and we find, as in the previous case, 





, , ad a 56 ep in 
__U=B9HHES’  _3 5 hxB tagxd 
V1 — E’) (1 — H%) — S$? 

> 2 pe 
= B38 2B a7) 
=u 


, 


proving the invariance of the second of the equations (16). 
oD 
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10. Conclusion. 

We have proved the Lorentz-invariance of the equations connecting the 
primary and secondary vectors in the cases where the action functions are 
U and V, and the Lorentz-invariance of the field equations derived U and V 
follows as an immediate consequence. 

I wish to thank Prof. Born for proposing the problem and suggesting 
that I should use the Einstein-Mayer semi-vector theory for proving the 
Lorentz-invariance of the equations concerned. 


PTO 





° 
) 
‘ 
- 





a” 


THEOREM ON ACTION-FUNCT 


«| 


i 


: 
10Ns 


4 


me 


a + 


IN 1G a 
 BORN'S FIELD THEORY. 





a 


a 


I 


- . : . . 
aay, - 
- 
“~, 
f =) 4 f 4 


a <tr tasty so.et yO MEKORT A 
@ yy Hors. «Lis: 2 eis 


‘an ~ 
Lal 
= 
Vis 
ee 
oe) 

/ 

4 
tun) 
2 
ts 4 
Ss 
| ne 
Hie 
\e 





73 


Reprinted from “The Proceedings of the Indian Academy of Sciences”, 
Vol. IV, No. 3, Sec. A, 1936. 





A THEOREM ON ACTION FUNCTIONS IN 
BORN’S FIELD THEORY. 


By B. S. MADHAVA Rao, 
(University of Mysore) 
(From the Department of Physics, Indian Institute of Science, Bangalore.) 


Received August 19, 1936. 


7. Introduction. 
INFELD has shown! that, in the development of Born’s field theory from 
a variational principle, it is possible to replace the action function originally 
adopted by Born and Infeld? by a more general one T which satisfies the 


conditions 
oT fred oT 





Al — —— . = Re Ar ny ms .. ex Ll 

p ofa’ ope (1) 
Here, T is assumed a function of F, P, R, where 

F=3faf?;P = pa" p'*, R =— } fy p= 2 Sir p™ ++ (2) 


and fy; as well as p,;* are treated as independent variables. We shall call 
action functions satisfying conditions (1) self-conjugate action Junctions. 


Infeld has deduced the necessary and sufficient conditions for an action 
function being self-conjugate and used these conditions to obtain a new action 
function which leads, in the static case, to two solutions with central sym- 
metry one giving a finite, the other an infinite energy. There is however 
a fundamental difference between Infeld’s action function and the Lagrangian 
used by Born and Infeld in that while the latter is derived from considerations 
of relativistic invariance the former is not. 

In trying to construct action functions which satisfy both the conditions 
of self-conjugacy and relativistic invariance, I have come to the conclusion 
that there are no such functions other than Born’s action function 


: I hay 
been thus led to prove in this paper the on 


THEOREM Lhe only self-conjugate action function which satisfies the 
condition of relativistic invariance is Born’s action function 


2. Infeld’s Conditions for Self-Conjugate Action Functions, 

Infeld has shown that the condition of T being self- 

assumption that T) — Lagrangian 4- Hamiltonian are e 
eat ee 


: Infeld,-Proc. Camb. Phil. Soc., 1936, 32, Part [ p: 127 
* Born and Infeld, Proc, Roy. Soc., A, 1934, 144 as, 


conjugate and the 
ntirely equivalent, 


wW 
“NJ 
“ay 
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Another form of the conditions he has deduced is that of the equations 
R .= T,:-F. — 7T,-P ei a #2 ee Peto) 
R? = — FP is ‘i. 5 ba oe wee (4) 
T,,F + T,-P + T,-R =0 ae ee oe «s (DB) 


the independence of only two is a necessary and sufficient condition for ’T 
being self-conjugate. This is always the case if T can be represented as a 
homogeneous function of F, P, R of zero degree. In this case, (5) is identically 
satisfied and the other two determine F and R as functions of P. 


3. Borns Action Function. 


In the form given by Infeld, Born’s action function is 


[oe te 


SS C dis a a ea) 


This satisfies the condition (5) and also the condition that in the limiting case 
for fx = pay and when fy, and pz; are very small, T is equal to zero as 
it ought to be since in this case the Maxwellian field equations represent the 
limiting case for very weak fields. 

We shall derive the form (6) so as to bring out explicitly the notion of 
relativistic invariance. ‘The variation principle of least action is to be used 
in the form 

8 f Tdr =0 (dt = dxidxtdxtdxt) .. - = ei} 
and T is to be found from the postulate that the action integral has to be an 
invariant. In this case, the field is determined by the two covariant tensors 
ay and by which could be split up into symmetrical and antisymmetrical 
parts by 


* 
An = ga t+ fers bar = Ser + Pe \ (8) 
: Eo ‘ be 9 * .- oa ee 

eat = bas fe =— Sa; Pa = — Pr 
The reason for assuming that the field is determined by two covariant tensors 
is that, in consonance with Infeld, we assume fz; ands f,,"_ to be independent 


variables. The invariance of the action-integral leads to the condition that 
1 should be any homogeneous function of the determinants of the covariant 


tensors of order 33. We have the expressions 
V—leutful V—lea tbe |; V —lewl Vi fels Vi pal. (9) 
which multiplied by dz are invariant, where the minus sign is added in 


order to get real values of the square roots. 





3 Born and Infeld, Proc. Roy. Soc., A, 1934, 144, 429. 
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The simplest homogeneous function of degree $} which we can form out 
of the expressions (9) is the linear expression’ ; a a 
T = V—|gat+feul +A V — lee + pe*| + B Vv —lgul| + © | fer 
+D V| px" | -- (10) 
Assuming that f,, and py; are rotations of potential vectors, we can pe 
=0, D=0. Further A and B are determined by the Qnaiion ‘ 
in the ete case of Cartesian Co-ordinates and weak fields, I’ must reduce 
to 2 (I’ + P) so that T may be equal to zero for pyy = fy. 
Now, 
—|ge+fal =1+F —|fy| Sat, eee mt 
— |g + pa? |= 14+ P —|6,°| =14+P-—0 ~* 
where G = } fy; f*#, and Q = } ¥ p,,* | 
For small values of fy; and Pe* the last determinants on the right-hand 
sides of the first two expressions of (11) can be neglected and (10) becomes 


equal to $(F + P) only if A=1, and B =—92. Hence (10) reduces to 
TeV71l+F+71+P—2 ., ee PS etl ai 


where, for the sake of simplicity, we have neglected G and Q, thus assuming 
that T depends only on F and P. 


Applying equations (3) and (5) to (12), we have 





Rape eee 
2V1i+F 2714 7p 
er eee ee bo os se = tia) 
2V14+F 2V714P 
From (13) and (14) we get 
———~ F Soe) PoE 
VIFF =3, and VI+P =— = 
and (12) reduces to 
ee 
= 4 


which is expression (6). This derivation shows that Born's T 
conjugate and makes the action integral relativistic j 


4. Proof of the Theorem. 

Instead of the linear expression (10 

geneous function of degree + which ¢ 
setae ae hee a 

4 This form of (12) is an immediate deductior 

the sum of a Lagrangian and a Hamiltonian for ‘T 


is self- 
nvariant. 


) let us consider the general homo- 
an be formed out of — | gare + fer: 


1 from Infeld’s theorem that T is to be 
being self-conjugate, 
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—| gu t+ pa* | and — | g,;|, neglecting again the dependence of T on the 
invariants G and Q. We have, therefore, to form the general homogeneous 
function of order unity in the yariables 


V—| ga t+ fal, ¥ —l ea + pa*| and V—| ga | 
Since the third term is a numerical invariant equal to unity, such a general 
function can be written, using (11), in the form 
T=f(V1+F, V1 +P) +A V— lee . yelp) 
where f is a homogeneous function of order unity in 41 +¥F and V1 4 P. 
Putting VW 1+F =a, and /1+4+P = 8, (15) can be written as 
Tf, 6) +A a bs ey eS ete) 


The constant A in (16) is to be determined from the condition that in the 
limiting case of weak fields T— }(F + P). Writing 


f(a, B) =$(F, P), 
bP, P)= 60.04 {F (OE) + PCS) | + ete. 


= f (1,1) + {F (? L\ (s 7) one (3 b) (35), | + 2 


Sorts 1) +4 fr ) +P (34 te ps8 ef} 

Since f (a, 8) is homogeneous of order one in a and B 
af +B op ayes ~ . ” -. (18) 
fy a oy afd + 2 e .. (19) 


In order that Tt 1 (F + P) asa and B—’, (17) shows that 


Ge ee 


and this gives, taking (19) into consideration 
eee 
and therefore A = —2. ‘hus the general action function satisfying the 
condition of relativistic invariance and the limiting condition of reduction 
to the Maxwellian case is 
Vice Fils ees ag af 2 a = 6 (20) 

We will now determine the form of f by applying Infeld’s conditions for being 
self-conjugate. From the equations (3) and (5) 

R = T,-F — T,-P) 

(=< Per) 
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or 


aus P (21) 
and 2T, = — R) 
A ee 
[eS ae iva | sinceea =~ V¥1+F,B = V1+4+P 
je = Te = Ty SF = 7,26 | 
Hence from (21), 
fu= a 





pj 
and fe=- p p 
Substituting these values of fg and fg in equation (18) v7z., 


afa +B fe =f (a, B) 
which is valid on account of the homogeneity of f, we get 
R R 
f(a, p)= a — te 


_ Reh] BU) 





F 
=p {PQ+n-Fra+p)} 
FP 
_ R(P — F) 
a FP 
Using, now, the relation (4), the right-hand side becomes (F — P)/R. 
tICR eee Zand (20) reduces to 
F—p 


which is the same as Born’s action function (6). We have, therefore, proved 
the theorem enunciated in § 1. 
5. Concluston. 


I wish to thank Prof. Max Born for Suggesting this problem during the 
course of his lectures on the new field theory which I had the privilege of 
attending last year at the Indian Institute of Science, Bangalore. 


~ § P-T0 





(6) 


GENERALISED ACTION-FUNCTIONS IN BORN'S 
ELECTRO-DYNAMICS. 
--000-- 


(This paper will bepublished in the Froc.Ind. 
Acad.Sc. A. 1937, Vol.6, September 37). 
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1. Introduction. 





Infeld has shown that, in the development of Bonn's 
field theory, it is possible to choose an infinity of 
action-funections other that the one originally proposed 
by Born and Infe1d ‘which, for simplicity, might be 
called Born's action function. These action-functions 
of Infeld and the one recently introduced by Hoffmann 
and Infe1a‘?) have, in common with Born's action - 
function, the properties of self-conjugacy, of the 
existence of simple algebraic relations between the 

a and =, - fields, and of giving finite values 
for the energy of the electrical particle. They how- 
ever differ from the latter in that the condition of 
invariance of the action integral itself is not in- 
Sisted in them. As I have shown elsewhere ‘*) Born's 
action-function is unique if this condition as well 
as the condition of self-conjugacy are imposed on the 


action-function. 


Laying aside for the present this condition of 


(1) Infeld; Proc. Camb. Phil. S0c. 1936 

epacOr aes 30. .: Baretnatea. Mee yal beyretlarge: and II 
(2) Born and Infeld; Proc. Roy. Soc.A.1934;144, 425, 
(3) Hoffmann and Infeld; Phys;Rev.1937,51,765 - 
referred to as IIT. 


(4) B.S. Madhava Rao ;Proc, Ind. Acad. Sci. A, 1936, 3,377 
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invariance of the ac&ion integral, we might say that 
these action-functions give rise to several systemsof 
Born's non-linear electro-dynamics. These action - 
functions, however, are all confined to the case where 
the invariant & - (BE) is neglected as also the 
invariants @= (DH) and. S$ = (BD) +(EH)- I have 
considered in this paper the general case where these 
invariants are not neglected, and have constructed a 
two-fold infinity of action-functions all having the 
same properties as Infeld's functions and reducing to 
them when G <0. This generalisation has also ena- 
bled the deduction of close connections with the com- 
plex formalism developed by Weiss (9) In view of the 
fact, howver, that the condition of "finite self-energy" 
has so far been discussed in the case of the point - 
singularity, and in the case of the ring-singularity 

in the zero-approximation©) where, in both cases, the 
invariant G does not appear, it seems difficult to 

set up a criterion limiting the choice of these functions. 
Nor is the regthlarity condition of Hoffmann and Infela 


of any use since it is based on the character of a 


aS a ee 
: rt > 
(5) P. Weiss; Proc.Camb. Phil.Soc. ,1937,33,p.79 -referred 


to as IV. 
(6) B.S. Madhava Rao 3 Proc. Ind. Acad. Sei. A. 1936,4, 355 
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spherically-symmetric electrostatic solution. 

An attempt has been made in this paper to 
construct an action-function which leads to a full 
coincidence of the second order terms when the 
Lagrangian of the field theory is compared with the 
Lagrangian that arises from the investigations of 
Euler and KSeket’ on seattering of light by light on 
the basis of Dirac's theory of holes. It is well- 
known that such a coincidence does not exist” in 
the terms containing Ge when Born's action function 
ts used. The result that I obtain is that even this 
condition does not restrict the choice, there being 
more than one such function wherefrom we could obtain 
the coincidence with the Euler - Kockel Lagrangian as 
well as the good determination of the fiwe-structure 
constant possible with the Hoffmann-Infeld action 
function. 

I have closely followed the method adopted by 
Infeld in I and II, 


2. Condition of self - conjugacy. 
We introduce the te and px (or in the dual 
KL € 
form { amd by ) tensors describing the electro- 


(7) Euler and KSckel; Naturwiss, 1935 ,23,246, 
(8) M. Born; Proc.Ind. Acad.Sci., A.1935,2, 560 
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magnetic field, the space-vector notation, and also 


9) 
the several invariants in the usual aa with the 


10 
modification introduced by weiss ) which leads to 
a good lot of simplification by avoiding unnecessary 


numerical factors. The Lorentz frame of reference 


Ny 


is used 
= — 
ae fi.) = B 5 Sa ty A) =F 
in a (2,1) 
( bs bh) aT; (hy By by) = D 
eee kA re 
Ltd ar LG T os hens 9 feat ates 
aK eo it ¥kl 
wil Eh pa? 5 ta P =e RBs QI yay 
Kl RKE x #kC "Kt 
i deat ia be Rs or aeh =z he * 8 
Fs (8-2) ; @> (BE) 
P . L (BH) : Q = (DA) (2,3) 
= : BD Hl 
R<LA(BR) - (BE)S ; Caine Guete 


We impose on our action function 7 which we assume 
to be a function of F,G P, Q, that it should be self- 


conjugate. This means that the set of equations 


pe og 
(9) B.S. Madhava Rao: ;Proc.Ind. Acad.Sci.,A. 1936, 4, 


578, 3 -referred to 
as V. 
(10) See IV; footnote on p.go, 







¢ / 4 ‘ ts . 7 | 
ee: eee 
ie? sitvrdals aaah be aay as 
nee nea on ras saree bate off Dei igen ihe 
OMS fd be Vie leben hte ne xi fi iqeyert’ fad ope 











oe @hawh tatty +4 a hon Ae Pai boorsay tisk 


erie Biller va onitgoriiontw te Yet bobs e 


wae To -anea™ xtie-ro.) gif" seed on" 


i pen? tehern 
Poe e - e | 


f WE f) fr : 


- 7 : = 
: . \ ; & 
We wee - 
» .. 
» ¥ 
f 4 i. * ; ; 7 
; 4 
wi » yet ah — i ne Set 
avy ag iA = J = 


9 
7 . f © > 
- a’ of LL 4 
} & ae . 
2 J ’ 
- ® 

a» a ic 7 
5 | 
] ; 

7 , a ’ - i —— 

‘ é 7 


on ; ‘ ‘ 
fuctosgy 4 Noidoaes nega se ne veo ei 
| 
Etcora 2h tant | 434 ots ord « od of 
*. « . & af . » 
Uituies Lote) ede Oud? errata a? —.begeytaer 
a ae ae a Sn 
- ‘ ° > ; - ) h ( % 
ioe. < : ‘ ne eal? nate overt ia tk. au LSJ] 
€ ae 4 ‘ 
1 1 * * 
& 
- e 


scr CO Bi ertodt  s¥1I eel, Gn) 


82 


ie 3 OT (2,4) 
ORE 
oe 
z OP ue (2,5) 


should be self-consistent, i.e. that (2,5) is a conse- 
quence of (2,4), or vice-versa. We can re-write (2,4) 


and (2,5) in the form 
k ke 4 ki (2,6) 


ke 
jeans Tp pt de p (2,7) 


where Te Tg, Tp» Ta denoteg the derivatives with 
respect to F,G, P and Q respectively. We shall now 
find the restriction to be imposed on Ty to ensure 


the consistency of (2,6) and (2,7). We multiply (2,6)8 


Grlrennectivery wlth Lf th Mads (EAE Ld Lf dnd sum 


up. We get after suitably grouping ie one 
et (2,8) 
She CT pe + A TQ (2,9) 
Scares (2,10) 
Seer Oia orp (2, 11) 


ieee 2° | St ee, 
(11) As in V, p.579 where we replace both L ana tH by T 


and introduce the necessary numerical factors to 
correspond to Weiss's notation, 
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Pa tile lg (2,12) 
= RTp -5Ta 7 
Q = o Tp -R Ig Cm 
= S Tp +RTa (2,15) 


The equations (2,9), (2,11), (2,13) and (2,15) must be 
consequences of (2,8), (2,10), (2,12) and (2,14) res- 
pectively. 

Before proceeding to reduce the above number of 
eight equations, we will directly obtain two conditions 
which follow from the self-consistency of (2,6) and 
(2,7). Taking the dual of (2,6) we get 


*K kL 5 d 
b Ce Tee i ae 


Substituting this value of Bans and the value of hee 


x KL 


from (2,6) in (2,7) we should get an indentical equa- 


tion i.e. 
#kl # K/ kL ree KK 
foe Ip eet ~Tef ) +I (iF ple e cd 


identically. This leads to the consistency conditions 


Tr Tp + Tg Th = | (2,16) 
Te Tq — Tp Te 50 (2, /7) 
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that the equations (2,12) - (2,15) are consequences 
of (2,8) - (2,11). For example from (2,9) and 
(2,11) we get 


RT, + 9Iq = —T (PI + &Tg) +1 (Tp ~? Ta) 


" 


-P (Te Tp + Te Ty) - 2 (Te Tg - Tr) 


ll 


-P, from(2,!¢), (2,17), 


But this is the same equation as (2,12). Similarly 
for the other equations. Hence the eight equations 
(2,8) -(2,15) can be reduced to the six equations 
(2,8) - (2,11) and (2,16) - (2,17). 

In essence we have replaced the four equations . 
(2,12) - (2,15) by the two equations (2,16) and (2,17). 
We can now find two other equations equivalent to the 


latter. Multiplying (2,8) and (2,9), also (2,10) and 
(2,11) we have 


Rs FP TET +8 QT Te EQ TT + PG Tp % 
$= GATTp + FP TG Tg ~PG TT -FRIp Te 
Adding 
$-Re(TpTp +1 To)(FP+ GQ) +( 7; Tp -T,)(FQ-PG) 
Or, using (2,16) and (2,17) 
| oe 


FP+GQ (2 18) 
Similarty ot ale 


FR-PG (2,19) 
relations expressing R and S interms of FG P Q. 
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Further, using (2,8) - (2,11) and (2,18) - (2,19) 
we can deduce (2,16) and (2,17). In fact, solving 
(2,8) - (2,11) for the derivatives we get 

PRIS « ta) aR Pe 


Pres Gahe tates 
QS-PR QR+PS 220 
ei i 
AiO, ca eters ti oe peasinananooen 
P P24.Q* ? Q P44.Q2 


Using the expressdéons we can easily gerive 


(S'-R-)(FP+ GQ) +2RS(FQ-PG) 
oy he See ee 


Ace + T, hes 
ees (F'+ G*)(P*+ Q?) 
ARS (FP4 GQ) -(S-R)(FA-PG) 
TretO cele GS ee ee 
F (F°4G2)CP + Q*) | 


Also from (2,18), (2,19) by squaring and adding 
R+S = /(F4G°)( P+ Q°) (2,21) 


Using (2,18), (2,19) and (2,21) the above expressions 
lead at once to the consistency conditions (2,16), 
(2,17). 

Thus the original system of eight equations can 
be reduced to six,viz., (2,8) -(2,11) ana either the 
two kwa consistency conditions or Weiss's relations 
between the invariants. These last are obtained 
by Weiss (12) by expressing the Symmetry of 


the energy- 
(12) See IV; p.85, equation (4,5). 
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impulse tensor. Thus the relations between the invari- 


ants imposed by self-conjugacy is the same as that ob- 
tained by making the energy-impulse tensor symmetrical. 


Coming now to the conditions (2,8) - (2,11) we 


can re-write them in the forms 


G Tp a F Tg rene +PTg <0 (2,23) 
and FT. + G Te -PTp - RT = ae (2,24) 
QT —F 1 +QTp-PTg =25 (2,25). 


(2,22) - (2,23) form a system of simultaneous partial 
diffenential equations for 7] in the homogeneous form - 
in particular (2,22) shows that T must be a homogene- 
ous function of degree zero in F,G,P,Q- If we 
therefore choose [ so as to satisfy these relations 
(2,22) - (2,23), we will have reduced our original eight 
equations to four only in consonance with the consisten- 
cy condition. The equations (2,22) - (2,23) would then 
be indentically satisfied, (2,18) - (2,19) or (2,16) - 
(2,17) would give the relations between the invariants 
and (2,24) - (2,25) would give P,Q as functions of 


F and G ) or vice versa, 
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3. Solution of the system of partial differential 
equations. 


In the usual notation of the theory of partial diffe- 


rential equations, we can write (2,22) - (2,23) as 
F = xp +% bh +% f, + % P, = 0 (3, 1) 
= % p -x, P, ~ X P, +%P, =0 (3, 2) 


and proceed to find out the most general functional 
form of the solution common to (3,1) - (3,2). 

It is easy to verify that the Poisson bracket 
(F, R)= Oso that the equations form a complete 
Jacobian system as they are. The most general solu- 
tion of (3,1) is any arbitrary function of . 

(%]x,, Xs /x, ) xy |X) ). Adopting the usual method 

we introduce the new variables given by 

Hy = py de = y/o, ,U< 3 |x, , wz Xy /2¢, ° 
With these substitutions, equation (3,1) i.e. 


of “OF x, oF VY 
x OF Lx, OF yf 
2%, 0%, 3 dx, + Xy a, 0 reduces th 


oFfox, = = 0, and the second equation (3,2) i.e. 


= i ig YF OF at 
ety es ae 
Sot 3k Les 9 o5Kp 
reduces to 


BCFA Eos 1) ~2 (55) 


u, 


Yh (% fy) +%3 (x f,) = 0 
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de, -Uf,-uvf,-uofi-f -uf +f 
oF, f, (i+at) +f, (uv 4a) +f (aw v) =0 








(3,3) 
The Lagrangian subsidiary equations of (3,3) are 
Loe 7 dur " dw (3.4) 
l+uU AL + A} ~ UP 
and we need only find two independent integrals of 
(3,4). 


From (3,4) we can immediately deduce the relations 
Uda von + urdw 











I+u* Sy uhdioas 
AA rdw - volw 
{pape > y+ uw 


These lead to the two integrals 


fog (1440) fee (04 w') ) + Const , 
ton ay - tan’ ( %) = Corsh 


For reasons to be given immediately, we write 
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or, introducing the invariants F,&,P Q 
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The reasons for Choosing € and €' in the fo 


Omnd 











rms given 
by (3,5) is that we want to have these gauatians 





i gale 
: * 
loan 4) 
: ie ie ia . 
4 oe ~ iL 
; L wre: &D 










wie CE 6) to anottaups yreitindog ne tetera ents 
Ae 


7! s 7 
5 ? “\> er 
= 7 . - 
ots Siu sex Lee 


ROTATRATKL Fosbreqion! ond Lert tro beet aw “the 
Ler) 


> ohh 8) 
ma Vth sue 
fet ON2 erheb ylote item as ow (), 5) tent 


ae ; be ; , . 
: ’ 
: ; 4 
> o7 
. 
> * y \ A 
7 
let ent ows Off ct Peol oRedt 
i. i 
; | 
ei : 6 ; 
q 
‘ ‘ 4 . 7 Aj 
» 


ra ~ 
PY 
| (te itavir 3 t it uitt ay Hots iti eit 
24 2 t- ehtaogis 716) 8mekeet € & 
‘ear es » We irtew oe dane cs .@, &) ye ; 


84 


quantities reduce themselves to the corresponding ones 
when we @o over to Infeld's case where G and Q are 
neglected. If G=Q<0, then 6-0 and € re- 
duces to + (F/P). We therefore postulate that the 
negative sign is to be taken in order that our value 
of € should be the square of the corresponding € used 
in Infeld's investigations. We may also observe that 
in the limiting Maxwellian case where 4G - Q, and F: -P 
we have Cranes: and €'-0. 
The most general form of the solution common to 

(3,1), (3,2) is any arbitrary function T(€,¢€'), of 

€ and €\, If J be chosen in this form , (2,22)- 
(2,23) are identically satisfied. Our generalisation 
has introdttced the additional parameter €' and gives 
rise to a two-fold infinity of action functions satis- 


fying the condition of self-conjugacy. 


4, | @As_ the sum of Lagrangian and 


Hamiltonian 





We will show that, in our general case also, if (2,4)- 
(2,5) are satisfied the action function T canbe re- 


presented as the sum of a Lagrangian and a Hamiltonian 


Pog er reg) 
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+1 +R (4,1) 
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iT aR 
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(4,2) 
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where we have put the numerical factor = on the 


right hand sides for T in consonance with the nota- 
tion of Weiss. From (4,1) 
20a1. = Tp AF + 16 AG + TpaP + Tp dR +2dR 


From the relations (2,18) - (2,19) 
2$dS -2RAR = FAP +PdF + GdQ +Qd& 
25AR+4+2RAS = FdQ +QdF -GAP-PdG 


Eliminating dS from the above equations 
2dR(R4S*) = AF(AS-PR) -dG (PS+QR) 
-AP(GS+FR) +d4Q(FS- GR). (4,3) 


i.e. using (2,20) - (2,21) 

(TrAF +TqA8)(P+Q:) -(TraPs Te AQF 46?) 
(F4G*)(P 4 @°? 

From (2,16) - (2,17) and (2,22) -(2,3) we can easily 
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Hence L is the Lagrangian. We can prove similarly 


that H is the Hamiltonian. 


5. Expressions for the derivatives of 
In (2,20) we have obtained expressions rs the deri- 
n 

vatives of T in terms of all the six/variants, but 
since we assume T to be a function of only F,G,P,Q 
we need expressions for the gerivatives which do not 
involve R and S- This can be done by finding R 
and S from (2,18) and (2,21) and substituting in 
(2,20). A simpler way is to use (2,12) - (2,15). 
From these equations, using the consistency conditions 

ee 

FP-GQ = -(R+S*)( Tr Tp - Tg Ta) 
Pk 2 A 2 2 
= (R+S*)(1-2ET,), Using (2,16), (4,4). 


Hence from (4,4) and (2,21) 


Dee ee (5,1) 
Eas Ft Ge 


Rie Pee + FP-GQ 
V Fie aie (5, 2) 


In an entirely anologous manner or using the equations 


(4,4) we can derive 
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2 Sar FP-GQ 
aey,2 F+Qo _ eee (5 3) 
P +R” P +R 
PYG FP- &Q 


, Es 
2. = ae cadens — 
14 P*4+Q™ = P+ Qe 


5,4) 
(5,3) and (5,4) follow from (5,1) and (5,2) by inter- 
changing F and G with P and Q, and thus deter- 
mine P and Q as the same functions of F and& 
and conversely, guaranteeing in this way the self- 
consistency of (2,4) and (2,5). 

The equations (5,1) - (5,4) express the deri- 
vatives in terms of F,G,P,Q.- Since the action 
functions we are considering can be taken as arbitrary 
functions of € and €', we must be able to obtain 

Te and Te! in terms of the invariants, in order 
that we might get for every special system of electro- 
dynamics particular relations connecting F, GP Ags 
We proceed to determine these expressions for Te and 

Ty We can express Tp and J, in terms of Ty and 

qs the form 
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Te = le: €Q + Ter & 


Te = Te: €p + Ter € 
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these for T, i Tet 


( t f 
Te (€ &@ - g&e) = €g Te - € Te 
| ( — 
—Ter (Ep &g - Ge) = Eg Te - Ep Te 
F (3,5) z 
rom (3, : i G (P+Q7) 
Eine tip fi Senet ame | Armee 
baie r Lo | (FP-GQ) 
are at F (Ps Q°) 
SRECE (PORE eG Sh Ch Rp cays 


Substituting in the above, and simplifying, we get 
an, 
(i+e ) Te = G Tp TE Tg 


Using (2,8) and (2,10) these can be written in the 
simple forms 
Ce cak (5,5) 


aes (5,6) 


From these equations it can be seen that it is the 
derivatives Tq Me that are relevant for the connec- 
tion between F,G, P,Q, since we can assume in virtue 
of Weiss's conditions (2,18) - (2,19) that R ana S 
are functions of the remaining invariants. This last 
procedure of finding R and ¢ 


involves rather com- 
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suitable for particular cases. We shall now find a 
slightly different method of procedure by a change of 


| 
the parameters € and C€. 


6, Introduction of new papameters. 





We can simplify considerations to a great extent by 
introducing two new functions A and p of the 


invariants defined by 
| 
ere mo Az hee (6,1) 
C's Lamu, or Ms tom €! (6,2) 


and consider the action-function as any arbitrary 


function of A and M- 


% 
Teed lace ute 


A & 
err ee 
qh ? a = (1+ €'*) Tot 


Hence (5,5) - (5,6) reduce to the very simple and 
striking forms 


if -R (6,3) 

Te =-'5 (6,4) 
We can also express (5,1) - (5,2) in terms of these 
new parameters. Calculating the value of (FP-&Q) /(F yt) 


in terms of € anda ct we readily find 


(tsa) | 
F4@*/ — eigen) 


so that, 








— 


nea 
7 ap aft ® 4! scan dovag To Noten om Siete ‘i vismehge a 














A 


A 


; 7 Sor. Lirihe wn snide “ta Et: vere 
























“ob. Dre % credo nar rs ~ 
: ae 


- iw? = hee —- a 
ue stcatergsn on 2 Kel snubontat 45)" 


» 


pH ahie Serr # G2 ROT wish tends Wiles ren 


, Dp he : 
* haw A ettaivone? wer owt unt oat i 


» 1 « 
i s ‘ rT A. is) ' 
_ a 7 7 
=—@ ‘ ; ee a ial . ’ - : : 
« - a 
at 7 ; ox — 
e 
Ye fe neiiven.rabvan “ots: “pS Fortod bare ah” 
- 


a) ao 


i bin - %6 tobsonie 


> ; . 2 1 7 7 - 

ee ’ "er 7 nT ‘[po. Wen . 
ae ee. - .) s « an 
: ; a@. a Al 


at «> wae 
7 fe SIRRYS Niev oils ot rovtet (6,2) - (fa): sSrak < 


coe 3 aioe wethd tise 


| — ‘ 
Wetes wi (egts ~ 1,0) gastaes ocle ass, a 
“ta eitfoy ott7 snkietystedD .etefonétag wis 
- / 
t rx a ; a ypoery : . (Pas #0 eaprh int 2 - 
~ 7 - 
rv : ws els ’ } é ' 
y « aa et 
- a t iP an 





4 1 a ? 
i } 2a Poh i hig af - 


12 


(FP-GQy(Fra) = +1/¢ Jive? 
The choice of the + or — sign is decided by going 
to the limiting case of Infeld's action-functions. In 
this case, the left-hand side reduces to (P/F) , and 
since we have already assumed C$ 3) that in this 
limiting case (€'=0) we should have our € = (- F/P), 


we choose the negative sign, and write 


FP-GQ | 


—_ 


RiGee” Bdnees 


Hence (5,1) - (5,2) redtice to 





(6,5) 
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Or, with the substitutions (6,1) - (6,2) to 


as 20 eo! 
aT. = 2e ak 


or, 


Ty = af (6,4) 


Ras ee | (6,7) 
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dusetitieaing (6,6)-amat (6,7) and (6,3) - (6,4) in 
(2,12) - (2,15) we get 
=e . 
“Pe G(T iy “Ty SASH) (6,8) 
Fe 0° (1, Coe + Tu Sasy) 


and, 


e. — 0 ( Ty cokp + Th Sing) , 


(4,9) . 
go -k (qaeaget - 7, SA) 


Eliminating A and M between the four equations 


(6,3) - (6,9) we get two relations between the invariants 
FG,P Q. 


7. Relations with the complex formalism of Weiss. 








The parameters \ and bh are very closely connected 

with the complex invariants 
Pp =F eiG 
W= P-¢Q 

introduced by Weiss (23) 


Forming the complex 


parameter A+ UM, 
Ati = fog € +4 tan 'e' 
= Leg PAG leg Psa + i tas 


arian 
(13) IV; p.86., equations (5,7) - (5,8). 
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xf ty Pei ta G)} =f by ec ta 


‘ fog (F+ iG) - og (P-ig) 
= 463 ($/y) | 
Atl 
ww, (¢/y) =e f (71) 
From the above equation we see that A+im is an 5 
analytic function of both the complex variables $ and if 


YW; hence the Cauchy-Riemann conditions give 


Ohm Oe 

Ml bee’ 0h bot (72 
Wye aE aw 
»P 22° RQ MP : 


Differentiating (6,6) and (6,7) respectively with 


respect to F and G&G, 
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Adding these equations, and using (7,2) we get the 


Laplacian equation 


2 2 
LTS | 





yFL ” 9G . (7,3) 
Similarly %T VT 
5 pe oe yar = 0 3 










= re : 
PR Eg) +) 680) ©24 ow CONeige ovodr arts, Mort — 
Ss i . : 

“* 


fcetrey xeSaqro. ote asod to. aeleony orgy Tatts 


r 1 i% 7 * 
; 4 TV : = 
—_ i 7 
4 - 
ey z 2 5 e by i _ 
© > , 7 a 
PY : 7 : 
ot : ‘ > 
- [7 7 7 
ow iT F 
c = z oe é 


oe 6 ; 7 i | 7 
Haw Viovignecaes CT. a): bin (Ot) palintdiotettig |: 
» BA > OF S98 Geis 


f 
? 





Brtwtaw oy (26%, Gri hose ,scoktanpe e6od2. pnthbe 


Fig ig tip gar OAL G eu 
*| 


} 


\ 
vimatindt 
ie 
' a] his ie 
; i) 
* 





48 


These equations reduce to the Laplacian equations 


given by Weiss for { and H (See IV., p.88, 


equation (6,3)) if we observe that, in accordance 


with our results in § 4, 


T <b (FG) +H(P,Q). 


8. The Maxwellian case. 


oe ED 


This corresponds to € =!,€'=0,A=0,M= 0 
Also we have F=-P=K and G=Q=S. 
From (6,6) - (6,7) 


I. =Tp =!, and Tee Gat 


Hence 7 =. F+P=0 


9. Born's action function. 


The action function T (A, M) corresponding to Born's 


case can be found by using the fact that one of the 


relations between invariants in this case is G-Q. 


Hence from (2,14) - (2,15) 


STp -RG = ST +R Ty 
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Solving this partial differential equation 
we easily deduce 
\ 
ae Coth + A 
Carty | 
as the simplest function satisfying (9,1). We 


therefore write Born's action function in the form 





+. 2 taohb a oe (9, 
ook 
so that in the limiting case KB = 0, this might 
reduce to Infeld's an Also 
R = T) = Sin hl & [Gok 
= $ = 


Ta = (Oh g Asi gH) Jatt 


Substituting these values in (6,8)-(6,9), we get 
-A 
Pg ee 
(+ 
oe 


F - @)~ GoM (7,3) 
(+ Go 
G = Q< - lam o 


From the above equations we can easily deduce 
l+G*> 
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ae (+2P-Q (4 
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so that, Ke 
arg te 4,3) 
——————— % 


which, besides =, is the other relation between 
the invariants in "Born's field theory, "(15) 


A much simpler method of deducing (9,5) is from 
the 8rd equation of (9,3) itself, for, 


lam ja = eee ca 


| ~ bans Keo) 
amd, fonp = €'s FAHPE GOFHP)  cince gag, 
FP-GQ  FP-G* 
26, _ GCF+P) 
GI FP-G~ 


o (F+PG~1) = 2(FP- G?) 
which is only a simplified form of (9,5) 


From the form (9,2) of Born's action function, 


we can immediately find the form of the Lagrangian. 
From (4,1) 
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(34) Tip fie. 76, equation (4,1) 


(15) See, for example, V., p.5763; equation (8) 
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Pa atieahan t aT, 


which is the standard form of Born's lagrangian. 
An alternative form for T can also be ob- 
tained in terms of the complex invariants g and p. 
Using (9,3) 
La She 
p (I+) =e ef 
~<A -tHk 
y (1+ 0 Wy) se -e 
By addition, 


ca Co+¥) = Coka ee 
ot l+tnha = Oke (6 + p42) 


@ AP+’ +h = 4 oaks A , and (9,2) Can be 
Co'§ 
written as 


ew ui eheteee 9,8) 


From (9,6) it easily follows that T = Lagrangian + 
Hamiltonian. 


in*faet, 
2d+r2p+4=2F+I™P+4, Since G=Q mH Borns case. 


and from a known identity (16) 


VAaF +42P44 = Lie +2 


The form (9,6) is more general than the one given by 


(6) ps6a0.. ecuactao. 


«y P.580,, equation (22) 
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weiss”? which holds when the invariant (& is neglec- 
ted. The complex Lagrangian and Hamiltonian given 


! 
there for this case are respectively (1 +29)? -) , and 
(i4ny) 2-1, and in this case we have 


Jitad +4 Vl4+2y -2 = V2¢ tiw+4 -2 4,1) 
in virtue of the relation 
pP+2ppeysd 


while the left-hand side of (9,7) is not Born's action 


(9,8) 


function in the general case, we have shown that the 


right hand side is so. 


10. Other action functions. 


The one pearameter group of action functions given by 
Infeld, and the one given by Hoffmann and Infeld are 


given in our notation by 

T= Ato A +Boimkh ad + CA 4D (10,1) 
and following the analogy of Born's action-function 
we can use Codi | or (V/ col») which tends to unity 
with M=0, aS a Sort of guage-factor to generalise 


(10,1). It appears, however, that there is no cri- 


terion which leads to such a kind of generalisation 


(17) IV., p.91, equation 6,5); 
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In analogy with (9,2) we can consider 


Bee, tal) ~ 3 A! ae 


as a sort of generalisation of the Hoffmann-Infeld 
action function. We sHall use (10,2) to obtain the 
corresponding Lagrangian, develop it in a power-series 
in F and G, and compare it with the Lagrangian 
set up by Euler and Kockel as a correction to Maxwell's 
Lagrangian to explain scattering of light by light on 
Dirac's theory of "holes." In the Hoffmann-Infeld 


(18 ) constant 


theory the estimate of the fiwe-structure 
is much better than with Born's action-function. In. 
the latter case there is no correspondence in the terms 
containing ae in the two power-series expansion$. 
We therefore try and see if it be possible to secure , 
with (10,2), this coincidence as well as the estimate of 


the fine-structure constant, 


The derivatives T, and Ths », are given from 
(10,2) in the form 


Ty = (o*# 2604) et 


(10,3) 
Tes ( sa. )/ret 


be 


CT Ve ta citi recieeeninemennieianianiiemseiefinsocemees 
(18)This has not actually been done for this Case, but 
only for Infeld's action function Tie Sa 
2 


| . 
where [<= x Loy (I+F). It can however be shown 
that be get the same estimate with the 
Seo A > 


action-function 
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Also Th = R gives 
( 
oR (142) Coby (0,4) 


From (6,8) and (6,9) - using (10,3), (10,4) 


af = ((42R)-(1+2R) Gay Pe 
0,5 
Cot 
2G = —(142R) Sin gM O08 


Since our idea is to obtain the power-series expan- 
sions of the Lagrangian obtained from (10,2) up to 


(19) 
the second power in F and G we assume 


R= QF +or ag } 


(In 6) 
Coy { + bE +b Fh4 by @ f . 


since R-y0, as (F, G) +0 while Cov —y|+  Substi- 
tuting (10,6) in (10,5) after Squaring the second 
equation in the latter, equating coefficients of like 


powers and neglecting terms of order higher than two, 


we get 
Qy=1, = -2 @ 2-9 
bys b = 0, bss 8 
(°° RSE 9F 9 ge 
toh fens & (16 £a) 
(19) The invariant G appears as cqure eae 


pointed out by Weiss, See V., p.89, 
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The Lagrangian corresponding to (10,2) is given by 
L 


ut 


<T+k 
aR-LaA (using (10,4)) Cs) 


Again from (10,4) end (10,6a), we can write 


= Log (14 4F -4F 126) 
= WPF -(2F 12), (Upto Second power) 
and (10,7) reduces to 
for clara 
ot BiseO LB SE g) L182) +h(BE} (io,3) 
whereas the Lagrangian of Euler and Kocka2 is | 


Pee eae as ie eh. 18eyt (10,9) 


and Born's Lagrangian is, 
— % Foe 
L: E(B’) 73-2) +4(8 ey (10,1) 


Thus while (10,8) and (10,10) agree in the second 


order terms in G , neither of them coincides with 


(10,9). Also (10,8) gives the same estimate + i280 
as done by Infeld's action function (*= 0) 
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ll. Coincidence with Lagrangian of Buler 


and Kockel. 





The question that now arises is whether it is possible 
to manipulate the action-function so as to obtain this 
coincidence with (10,9) and so as to reduce to the 
Hoffmann-Infeld function when M<=0. Now it can be 
shown that if we alter the second term of (10,2) by 
multiplying or dividing it with the factor a Yat the 
relations between the invariants F G,P,Q will not 
be algebraic. Since this is desirable on grounds of 


Simplicity, we try with 
eM 


Tam -4A ~§ (top) , Such that £(1) =| 
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ot oT. ee ~f (P = tao a) (4,1) 
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From (6,8) - (6,2), 


AF = (Leak) ~ (+2 R) th #(V-+aR) $0) Sky tof 


((i, 4) 
“2G = (428) f(y) Sinko udm + (42) Sing Co 
Substituting (11,3) in (11,4) after squaring its 
second equation, retaining terms up to the second 
order, and comparing coefficients 
as 
i = -3/(U49 (5) 


d= -2/ (+1) 


From (10,4) we find A, and substitute for AR, and 
f(y») in (11,2) obtaining 


2 jr he ll, 6) 
be Fo ae faee eer!) ( 


If (11,6) should coincide with (10,9) in the coeffi- 
cient of G™ we should have 


ood aia l = -7/y 
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Hence, 
Q = np | 
kK =” j 


Putting (11,5) and (11,8) in (11,7), we get the equa- 


| (11,9) 


tion for Nn, 





gq _4 Some 
N+! ~ (mtt)™ (n+1)” 
Or 
In +lon +3 = 0 (11,9) 
giving nz-|, or n=-3/7, but N=-l would 


make both & and f infinite,and consequently of R 
and Coy f Neglecting this value, we can take n: -3/7, 
and obtain an action-function which has the desired 
coincidence of the Lagrangian. 


In an exactly similar way, we can show that 
Ao n 
eee cro M -$ A ~(Con§p) , here n= 8/7, 


also gives an action-function of this type. 


12. Conclusion. 





It is practically certain that the method adopted above 
can be applied to several other functions So as to ob- 
tain the desired Lagrangian. It appears therefore that 


even this criterion does not restrict the type of func- 


tion; nor should this be surprising since we are 
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merely comparing coefficients of particular terms 
in two power-series expansions. Anyway , the several 
types of action-functions serve to bring out the 


possibilities of the new field theory. 
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7. Introduction. 


SCHRODINGER! has given a representation of Born’s field theory by using two 
complex combinations of B, E, H, D 


F=B—wW; G=E+itH,.. oe he - (1) 
starting with the Lagrangian 
orn 2 
Sage (2) 


(FG) 

and the “ condition of conjugateness’”’ given by 
ad eet Oe oe eee 
2G (FB). (GO. 
OL MNE IS FEO ia 
IF ~ (FO) (Fer F | 
The equivalence of this treatment with Born’s theory is shown by using 
suitable Lorentz and y-transformations and reducing both representations 
toacommon form. In this paper, I have established this equivalence directly 
by means of analytical transformations by showing that (3) is an exact 
transcription of Born’s relations between primary and secondary field vectors 
and also given two other simple proofs of this equivalence, This has neces- 
sitated a detailed study of the invariants of Born’s and Schrédinger’s Oe 
sentations and as a result I have been able to find two other alternative 
complex representations (entirely equivalent to Schrédinger’s) in which the 


action function ‘again appears with the square root. The results obtained 
in this paper are summarised as follows :-— cn 


* ea 0 wes * o 
(ly) If O° = g and ¥* = and Born’s relations hold between 
the real field vectors, then £ has necessarily the form (2) 
_. (2) A detailed study is made of the 
invariants and space invariants of Born’s th 


, 


ep 


relations between the several 
eory. 





1 E. Schrédinger, Proc. Roy. Soc., A, 1935, 150, 465 


cn 
NI 
wt 


lit 
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(3) A similar study is made of the invariants of Schrédinger’s repre- 
sentation and its equivalence with Born’s representation is exhibited analyt- 
ically. 


(4) It is shown that Schrédinger’s representation is equivalent to the 
alternative representations 








Stl ae ee STi bes 

FF cis 
oy / ee? a 
om -- 6 | ne | 


where @/ and @ are functions respectively of FY §F* and G: SG with a 
square root form. ‘These representations lead in the simplest manner to 
the form (2) of Schrédinger’s Lagrangian. 

2. Form of Schrodinger’s Lagrangian. 
Oe 


nee o* aoe eas : ey 
= 5g and Ff = GC and if Born’s rela 


tions hold between the field components, then has necessarily the form (2). 
If Fand GC are defined by (1), they form a true six vector defined by 
the antisymmetric tensor 
gar = faa — tar . eo reneats) 
where the tensors fz; and #4; define the field atpenents of Born’s theory.” 
The complex conjugates? (G*, ¥*) alsoform a true six vector defined by 
the antisymmetric tensor 


We will show that if nn 


ae tt i oe | mr 
and the equations 
a = 0L x or Poe 
can be written in the form 
Spent: o = ie areal 
OFel 


With £ we can associate, just as in Born’s theory, a Hamiltonian SA given 
by 





H=L-t an «. (7) 

Following the Soorien of Born and Infeld we tal use the reiaiorst 
aS ee 5 ees eo es = ee a (:)) 
a in G? if ae P —- @= 





2 j.e., (p23, Pai, P12) —> Hi (fes, far, fiz) aoa 
(Pia, Pos, Pas) —> Ds (fra, fea, faa) ae E ay 
3 The * indicates the dual when associated with a tensor and the complex conjugate 
when referring to a vector. 
4 Born and Infeld, Proc. Roy. Soc., A, 1934, 144, 435. 
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G=Q ‘ Be * ce a (9) 


which hold between the several invariants. Calculating the second 
term on the right-hand side of (7), by using (1), 
4 qq = (E — iH) (B — iD) + (B+ iD) (E +H) 
= 2(G — Q) = 0, using (9) Be - se) {0} 
Hence H = Lor, in Schrédinger’s representation the Hanultonian coincides 
with the Lagrangian ; and corresponding to (6) we also have 
gt nee oL 


* 
OY ZB 





(11) 


where £ is defined as a function of the invariants associated with 74, In 
(6) let be considered a function of the two invariants f and g, where 


f= oo =" = i Qe yal 

r=(FH)-tue” | as 
and in (11) as a function of the two invariants # and g, where 

»=G?-— F* = hry 

1 = (GF) =~ wre} ae 
(6) and (11) can be written in the form 

yl — 9 — gt +> oL ma .. (6, A) 

ge =a 8, ae or .. " 5 ..(11, A) 
By direct calculation, using (4) a (5) we can easily deduce 

aga” = 48 PH gg = 4b rygh! = 4h rytgt = = {EOE Ey Su dy 


We now multiply (6, A) respectively by 44a, 474° and 47, and sum up 
in each case. In view of (14), this gives the encore 


2 
Pear e ao | 
Die se | 
ST ee P t _ z= * .. (15) 
1 p | 
a ~ Rep 7] 


Treating (11, A) in exactly the same way by multi 


lying by 17,)* 1 
4 gy; and at up, we get B by dra", Fd and 


ie = } 
ae a 
op  F+P a e .. (16) 
wef | 
og Fer 4 
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oO 


From the first of the equations in (15) or (16) we see that £is a homogeneous 
function of degree zero in (f, g) or (, q), which is also otherwise obvious 
from the relation (10) or its equivalent 
(F G) +(F'G) =0. 
Also from either (15) or (16) we get 
eer 
& q 
We now proceed to calculate actually the values of the partial derivatives of 
£ by making use of Born’s relation (8). If I, and H be the I,agrangian and 
Hamiltonian of Born’s theory 


Ay ae = G8] ! 


(17) 


Sev lye OF 1 
H=I,—R 
and using these expressions (8) can be written alternatively as 
(+1)(8 +1) =14+CG  .. ee ne aa (LS) 
From (1) we get 
g=G+Q +:R = 2G +1R 
g@=G+Q —iR = 2G — 2k, 
hence, 
eg = 4G? + R? = AND eee card 
Seat Ge ait gal ai is Os romuL®) 
= 4G? 4+ (1+ F-—G%)4(1 aie: 2 (1 + G’) 
eg =F+P a .. (19) 
Substituting (19) in the second Gee. of (15) and (16), 


OL ett eel ag, | 


fg’ wp 4g 


and the first equations of the same two sets show that 


By eae So) ee 
og O?’”og q 
Hence, 
ee e x i = .. (20) 
& q 


which is the same as (2). Equation (20) consists of both the equations (1) 


and (6) of Schrédinger’s paper. . 
3. Relations between Born’s Invariants. 

The invariants F, G, P, Q, R, 5 are defined by ue ees ot 
F=3f" fa = yf fins P path PSS pe eee : 
G=tfuf” = are i Q 1 DY Par = es Pat 
Rat fy ee — bf as” ba KET ee 


or, in space vector notation, 


| 
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F = B? — E?; P = D? — H?; G = (BE); Q 3 (D/H) 4 
R = (BH) — (DE); S= (BD) + (E H). 
We shall derive the several relations that exist between these invariants. 
In the equations 
oL Oly os 
pl = 2 fe + ~< f 
oF oG | (a1) 


be De arty SRST ed: 
SRC ay Rake merc | 


‘multiply the first respectively by 4 fx, 4fa*, 4a, 4 pa and sum up; 
similarly the second by 4 fg, 4 fx*, 4 by, 4 py" and sum up. We then get 











R=2F 426% G=Si5 +550 
S=465 = Bo —F =- RS +555 
—P=9R M4 Son $=40 55 -P 55 
a si SG -R=3P55 +2055 
Using L=V71+F —G?—-—1; H=W71+P —Q? —1, introducing the 
values of dL/dF, 0L,/oG, 0H/dP, JH/dQ and rearranging 
(a) R= ie es —R= ae (a’) 
ie s = 2 +7)  @) 
(0) Te oh oe Ce P (22) 
(a) 29 =StRe 2¢ = 50 (a’) 


All possible relations that can exist between the invariznts can be derived out 
of the equations (22). We shall deduce a few important ones which will be 
of use later on, 
Substituting (a) and (b) in (d) or (a’) and (b’) in (@’), we get 
G=0Q0 - oe <, (9) 


Substitution of (a) and (b) in (c’) or (a’) and (b’) in (c) gives 
LW+l)(H+1)=14+@. .. (18) 
a 


Comparing (b) and (b 








lls 
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Comparing (a) and (a’ 


) 
Ree 2 2Q%-—Pp 
Pore at 





pe ie pee epee ese 
beri. = sae 
and we have the relations 
S F —Pp a 
G> Tp =~Lt+H+2= vF+P +4 ms a (23) 
: S? 
Ree reg ee a ae -- (24) 
Finally we can write (22) (d) and (d’) in the form 
S 
qe tR=2(L+1)) 
Q \ sa ioe if -. (25) 


We shall next deduce some relations existing between the several space 
invariants according to Born’s theory. Let 
F, = B+ E*; P, = D*? + H?; M =(DB);N =(ER); 
J =(DE); K=(BH) 
= (1 + BY); m = (14D); h = (1 —H?); m = (1 — E) 
R,; ={B H) (DE) =K+J 
S, = (BD) — (EH) =M-—N 
The action functions U and V of Born’s theory can be written 
U = Vi,m, — WM —1=V71+B2?+D? +8 —1 
V = Vim —N? —1= V1 —E? — H?+S? — 1 
where 
S = (D x B) = (E x H)® 
From the relations® 





pert = ah _ * “2 si -. (26) 
V +1=N/G 
we have, 
: 
vie Oni aia aaa (27) 
Observing that U = L + J, and V = L — K, we have 


9(U +1) =2 LEN) +27 =RtR42), from (25) 


S S 
» K J re LR 
Cae a G : 





5 Born-Infeld, Proc. Roy. Soc., A, 1935, 150, 159. 
6 Born-Infeld, Proc. Roy. Soc., A, 1934, 147, 545, equation (h). 
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hence the relations 
: 
S4+R=2(0+1) | | 
s f (28) 
SeRe ayer 


analogous to (25). 
Again,S, =M —N =G(U —V), from (26) 
=G(L+J—L+KXK) 
S; = GR, : oe 2 2S} 
The relations between the primary ane peuedaee field ae in Born’s 
theory when L, H, and U, V are taken as the action functions, v7z., 


and, 
r 


can be written in the forms 


Soom nas 
SR CE | 


(I, + 1) 

ane 1) =H+GD | (30)? 
E(H +1) =D—GH ? 

and, 
E(U+1) =4,D—MB =D +4+(B x S§)) 
H(U+1l)=mB—-MD=B-(DxS | 
D(V+1)=,hE+NH =E-(H x5)! (31) 
B(V+1)=mH+NE =H + (E x 3) | 

Substituting for M i N in (31) from (26) and using (30) we get easily 
1, =(L +1) (U +)) : 
m= DO 4 | 
4, =(H rywant . 7 7 “+ (82) 

=e tv: eT). 


7 There is a misprint in Born- Infeld, Pro 
oc. Roy. § 
in (3, 10A) where in the numerator D + QH should ala D— iY er et ares focal 


1] 
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Multiplying the equations (31) scalarly by D, B, E and H respectively; 
we have b 


J oe q —D+s 
K (U = B+ 32 
Bee 
K(V +1) =H? —§ J 

Similarly multiplying (39) scalarly by B, E, H, D respectively 
K(L +1) = B— @ } : ‘ 
JL +) =B 46 | | 
K(H+1) =H 46 | . . e .. (34) 

| 


J (H+ 1) = D? — G? 
From (34) we deduce immediately 


or 
eo 

oo 
— 


Seer 1) 
P, = (H+ 1)R, (35) 
HP; = RR; 


From (33) and (34), using U =L + J =H+K,andV =1=K =H — iy 
we have 


Ko Gs eras 
K+6M T+omMy) 


Ss? = (B2 D2 fon 
(B? D?) — (BD)? acta) (eel an M? 
K+GM) (J+GM é: 
Keon ge {) _ MP from (18) 
KJ —MN 
S <= eivce, (Ga cy o. - o- i (37) 
From (36), (37) and (26), we easily derive 
(Uic=et) (Wil) 1 St .. (38) 


Coming now to vector products of the field niente in pdcition to §, the 
two expressions (B x H) and (E x D) are equal (see Reference’). By 
suitably multiplying equations (39) and (31) vectorially with the proper field 
components we get at once 


(Bx H) =(Ex D=GS .; _ = ve, (89) 
In an entirely analogous manner we can derive from (30), 

(B E) = — 1)sS 

(B x E) > +74) | (40) 

(H x D) = —(H +1) S 3 


4. Invariants of Schrodinger’s Representation. 
Denoting the invariants of Schrédinger’s representation corresponding 
to F, G, P, Q, R, S, by the small letters fg. pf, @% & we can derive relations 
between them by proceeding with (6, A) and (11, A) just as we did with 
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equations (21). For this purpose we need only add to equations _(15) 
aaa (16) the relations obtained by multiplying (6, A) and (11, A) respectivels 
by 4 g,;* and 47,4, and summing up. ‘This gives 


LL preL » i. 2 ..(15, A) 
6 3 Ya 

d o£ fag ere a _.(16, A} 
pm 4g — pe oe ona 3 a ( ) 


It is easily seen that the relations in (15), (16), (15, A), (16, A) can be reduced 
to the following independent relations 
r=0;5= ~g=t +h 
one | 
é 7 * . . 
when we substitute the proper values for the partial derivatives of .£. 


(41) 


The connection between Schrodinger’s and Born’s invariants can be 
written down at once from (1), (10) and (14), 





f =F-P—-28 
g =2G +71R 
be eens Se \ (42) 
gq =2G+iR | 
3 Koa) | 
s = —(F-+ P) 
and conversely, 
4F =f—p—2%s 1) 
4P =p, —f —2Qs | 
4G =4Q =g+4+q t (43) 
2R = 4 (¢ — g) | 
45° =s(/ +?) 
2 
From (41),s =4 + S gives 
f? 
—{=F+P+44 
& 
Sz 
= G from (23) 
eaib= 8-1 +H49-F-? ; eh Pe (44)8 


giving an expression of Schrédinger’s Lagrangian in ter 


ms of Born’s invari- 
ants. An alternative derivation of this 


relation, which is perhaps simpler, is 
* This relation has also been deduced by Marie A. Baudot, Comptes Rendus, 1936, 202, 
909-21 and 1158-59, 


i 
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obtained by writing 
Py eer —2is=88 — 24S, from (23) 
ae e (2G 4+7R) 
if ca are 
a 1G putting in the value of ¢g from (42) 
Ei, UIE = = 


We shall establish directly the analytical equivalence of the two representations 
by showing that the equations (3) are an exact transcription of Born’s 
relations (30) between the primary and secondary field vectors. We have 
therefore to show directly that 


; 2 , f s 1 
Bae er rae aes ee | 
5 
t 
9 , \ 
Beas Hoesee (Boga Die (hor A ae 
& § J 
2 : Z “> 
or, using, g = 2G eee Se that 


_2(E 47H) +i5 B-iD) =(26 +¢R) (B +7D) 


V+ SS 


2 (B — iD) +i 47H) =(2G +7R) (E—iH) 


Equating real and imaginary parts, this requires proving that 


: } 
Shy 9 Rast GR aR D* fal 
G 1 
S f 
<a = oy D | 
"= B- 2H =RB+ G | 
and, 
—-SH+2B=2GE+RH | 
= Eee =k b= 2GH | 
G 
1.€., 


p (5 +R) =2(E +68) 
H(§ +R)=2(B-GE) 


0 (5m) =2(8 +02) 


£(S 2) =2( 08) 
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and in view of (25) these relations become identical with (30), thus establish- 
ing the equivalence. 

Coming now to the space invariants of Schrédinger’s representation, 
we shall calculate directly from (1) the several scalar and vector products of 
the complex field vectors. 

F? = B—-D?'—2iM=R (U+1) —271G(U +1), from (33) 





and (26) 
ie, Gt=—iU+l])g 
Similarly F¥@= i(U+1)g | 
Gr= ite i 
Gt=—i(V +e J 
F? + G* =F, — P, — 2S, = RR, — 2GR,, from (35) and (29) 
1e,F? + G*=—iRig 
. ce 
Gai sa (46) 
Regarding the scalar products of different vectors, 
(FG) =2GitR—=g } 
(F GJ=2C—-—iRk=g | 
(FG) =-i® | 
(F G) =1R, t (47) 
(FF) =B+D | 
(GG rae oN j 
From (46) and (47) we immediately observe that 
. FOG NF ONGC awa e a) .. (48) 
Finally, calculating the vector products, 
Fx G ={(B x E) + (D x H)} +7 {(B x H) — (D x B)} 
= —RS + 27GS, using (39) and (40) 
=i¢§ 
Also, 
(F x &) =(Bx E) - (Dx WH) =-S(L4+H4+2)=—S¢5 
and (¥ x F*)= — 27S, and similarly . 
Sean , and similarly for other vector products. Collecting 
(FX G) me (F" x G) =— igs } 
(FX G) = — G8" x gy =- Ss | (49) 
(FX F) =—2i8; (Cx L) = 248 | 
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From equations (49), 
(F XD =(GFX Y= (FG (FXG) .. (50) 


which is equation (13) of Schrédinger’s paper. It might also be noticed that 
all the vector products in (49) are expressed in terms of § which becomes 
equal to zero when (¥ xX G) = Oandg+ 0,so that all the vector products 
reduce to zero. This corresponds to the Lorentz-transformation which 
reduces the Maxwell-tensor to the diagonal and makes all the four composing 
three vectors parallel. 


5. Alternative Complex Representations. 
No complex combinations of the field vectors other than (1) are possible 
in view of the form of the Maxwell-Born field equations, v7z., 


oe = OF, ee = 

diva bi 0) div Di 0 
but corresponding to the representations in Born’s theory in which the action 
function is taken as the displacement energy density U or the field energy 
density V, we can set up analogous complex representations. Correspond- 


ing to the equation 
U=L + (DE) 


of Born’s theory, we introduce here 


rot E + 


Ua hws CYS LH (EG). «: 2 (51) 
or, using (48) . : , 
ee ee us 7 (52) 


(FQ (FH 
From (52) it is seen that the T we have introduced is twice the component 
T,, of Schrédinger’s energy-impulse tensor. If we now express (/as a vee 
of & F'and treat them as primary field quantities, (51) enables us to fin 
G, G as derivaitves of {/ with respect to these. In fact 


dU =a — FAG - GAF 
= A IF +35 4G — FIG — GIF 
= GaF+ FAG -—F IG — GAF 
= GdaF—-— GIF 
and hence 


0M _ og 


| 
IT = 
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We shall now express (/ as a function of Fand F*. Multiplying the 
first equation of (3) scalarly by F, we get 
‘ GG 
ot hitigcieace ari 
ee F GF 
roe (Fo 
Le + (F x GI us t (F GF 
(F GY (F GP 
eee (2, lee, 
(CF GP 
Using (52) and (50), this can aed written as, 
FF =-1—-4U4+1(F X F*) 


ees 





or, 





U=-21 JIE FHF EEK FP (A 
Putting in the values of (¥ F¥*) and (F x F') from (47) and (49) in the 
square root on the right-hand side of (54), we get the significant result 

U=-—-21U+1=-—-2iv1+B+D?+ & i 25) 
We could also have deduced (55) immediately from (52) by substituting in 
the latter the value of ¥* from (45). Eyuation (54) or (55) appears to contain 
the essence of the reason why a complex representation of Born’s field theory 
is possible. Of the four actions I, H, U, V possible in Born’s theory we 
see from (54) and (55) that it is only in the last two cases that we can express 
the action functions directly as functions of the complex combinations speci- 
fied by (1). This fact also provides the simplest proof of the equivalence of 
Born’s and seo rags de representations. For, with 

WU =—-— 21(U + 1) 
we can directly establish (as we shall do a little farther 

that the ti 
(53) are satisfied. We can now put ouars: 
Fegan 2 (F G*) =U + (F* G) 

and show that equati 3 > satisfi - ; : 
eee quations (3) are satisfied. For the value of as a function 

L=U -—(F G") gives 





2F*  F*+ G? 
(FG) FB from (52) and (48) 
Oh ee poop (2) 


which is Schrodinger’s form of the I, agrangian, 


Just as equations (3) are a transcription of Born’s relations (30), we will 
’ V1 


h 
show directly that the equations (53) are completely equivalent to (31) 
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Differentiating (54) with Tespect to Fand F 


Tw Wi terag a 
(U + 1) ere cae! \F Pe Welk. Uecrgeme Fi e(0o, Ad 
D ; 
—(U + 1) sat = [FH ELF KF x F"\}} . (53, B) 


The right-hand side of (53, A) is equal to 
—t{F" +7% (F* x §)}, using (49) 
= ~—i(B+iD) +7((B + iD) x sp 
= D+B8xS}-iB_Mx$)} 
= (E —7H) (U +1), using Born’s relations (31) 
Hence (53, A) reduces to 
oT * 
IF ~ F 
Again, the right-hand side of (53, B) is equal to 
i{F — i(F x $)} 
= 1 {(B —7D) —7[(B—7D) x S$} 
= D + (BxS)} +7{B —(D x 8)} 
= ae + 7H) (U + 1); and (53, B) reduces to 
— 3h =G 
We can, next, introduce analogously a O-representation by putting 


ag oe (Cok ye a . . (54, A) 








Of et (VN oi VI= Bo TS . (55, A) 
and show that, 
7} 
aa 
eA, (56) 
See F | 


(53) and = are the stops of 


ge WF (3) 
iv = F" 
de J 
and, 
ol _ A 
oo Aer 


(3) and (3, A) are Lorentz-invariant as is evident from the tensor form of 
the relations (6) and (11). Just as I have elsewhere® deduced the Lorentz- 


7 ~9 Proc. Ind. Acad. Sci, A, 1936, 4, 436. 
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invariance of the field equations derived from U and V in Born’s theory, 
by using semi-vectors, it is possible to deduce that (53) and (56) are also 
Lorentz-invariant. It is also easily shown that these relations are invariant 
against Schrédinger’s y-transformations. Tor example, if on the right-hand 
sides of (53, A) and (53, B) we replace ¥ ard F bye’ Fand 2” F* the 
expressions are multiplied respectively by e~” and ¢é’, as they should in 
consonance with (53). Similarly (56) also is invariant against y-transforma- 
tions. 
Let us now make a transformation to the Lorentz-frame in which all the 
four composing three vectors are parallel, then from (55) and (55, A) 
W=-—2i1Vv14+ BF + DW 1 
VU =—2iV1 — EF — 5 
and if the corresponding ‘‘mixture’’ field be taken as the standard one, 7.e., 
if we do not use any further y-transformation to abolish either the electric or 
magnetic field quantities, we have!® 
B? + D? = (1 — J)/F 
and E? + H? = 1 — &?, so that 


(57) 


TW=—21/H = 
UW=-21Z es) 
CO 

or yak 22 a a — oe -. (59) 


If @/and @ be interpreted as proportional to the “‘ displacement energy ”’ 
and “ field energy "’ respectively, this shows that they are in the ratio j of 
A’: 1, pointing out again another dissymmetry between field and displacement. 
Treating the simgular case of Schrédinger, the equation (52) shows that 
when (FG) = 0, we should have 
Fi+ G* =0, and ? =0 
in order that @/ may not hecome infinite. ‘These equations give 
ite tae = 0 7 
and lead, just as in Schrédinger’s article, to 
|B| =|D],andB iD 
when the case of infinitely weak fields is discarded. 
7 Rea ees to ore and phi dale: fields, these arise in the present 
P rom the two values of the square root as can be seen from (57) 
This equation shows that the sign of Y/ or VY does not depend a on oe : | 
of either ZY > 0 or FY < 0, but on taking the positive or neg < : pj act 
the square root. Tor VY could be positive fe r se ci oe Z 
nary just like but here f diff Began de ge: 
e for a erent reason. 





10 See Reference (1); footnote on p. 472. 
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COMPLEX REPRESENTATION - II 


(Biquaternion representation). 
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[Z0: 


1. Introduction. 





In a previous neper =? I have considered in detail the 
complex representation of Schrodinger and investigated 
its relationship with the ordinary representation in 
the earliest form of Born's field theory. Later Weiss 
has given another complex formalism which is valid not 
merely for this form of action-function but for general 
types of Born's Electro-dynamics. I have shown else- 
where (2) that this formalism arises quite naturally 
when we introduce generalised action functions in 
Infeld's theory without putting G-o. A third 
type of complex-representation has been given by Watso4?? 
for the case of Born's original field theory. He con- 
structs four biquaternions corresponding to the four 
pairings (B,€), (D4), (DB) and (EA) of the field 
vectors, obtains their tensors, and the relations be- 
tween primary and secondary field vectors in the first 


case. I shall indicate briefly how some of his results 


- a 
(1) Proc. Ind.Acad.Sci,, 4.1936, 4,575 - referred to as I 


(2) See the paper entitled "Gener 
, aliseé action function 
in Born's Electro-dynamics," the 6% hahar in this 


thesis - referred to as ITI 


(3) Watson., Trans. Roy. Soc. Canada. (ser 3), 1936.30 
p.105 - referred to as III. iE 
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follow at once from the results in I. I have also 
eee this paper more symmetrical representations 
by biquaternions such that 

(1) each biquaternion is expressed purely in terms 
of the primary field vectors in all four cases, 

(ii) the tensors of the four biquaternions should 
be the four action-functions L+! H+l,U+l, V+ 
corresponding to the four representations of Born's 
field theory. 

(iii) the relations between primary and secondary 
field vectors may be exhibited in all the four cases. 

Next, I show that it is also possible to set up 
a biquaternion corresponding to Born's action-function 
in the Infeld form of a sum of Lagrangian and Hamilto- 
nian. Finally I also indicate a biquaternionic inter- 
pretation of the parameters ) and M introduced in 
the generalised action-function theory (in II). The 
notation will be the same as in I, II and III (unless 
it differs from I). 


2. Watson's biquaternions. 





The four biquaternions given by Watson are 


Ve tei Bake (2,1) 


) 


us (1+@)/ T + H'- iD (2,2) 
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g. = (1+B)(1+B)[(1+@) (2,2) 


Vy = { +H )(I-@E) Se 


u 


with their tensors 


ry aac (2,1) 

Ty - 1-2Q (2,24) 
2,3a) 

ae Vel 

y4, wondlee Bia d + Go (2, 44) 


(It is doubtful if the value of 14; is correct. It 
ought to be(V#) Jil+ G>) Ws 


Writing q bate tC Sarr is, where 


—_ 
+ = [+B > C2 GE 
— ~— 
o |-4E 53 = G-4B 
it jar 
the relations connecting De W with B,E 


are 
obtained as 
Berfar | (9 
ane at? 7 { 
where & = 7 j Pic ~ ; and } j denotes the 


commutator and KE the conjugate quaternion. 


It might be pointed out how some of the results 


in Watson's paper are consequences of 


the equations in 
I. 


In fact equations (2),° (15), (16) of the former are 
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identical with equations (32), (34), (40) of the latter. 
From equations (2,1) - (2,4), it is easily seen 
that YY; Y, ond THs which are related to the (D, H), 
(TB) and (ef) representations involve G , Ty 
which belongg to the first representation. Also the 
tensors (2,2a) and (2,42) do not represent the action 
functions H+! , and Vtl- Further, relations ana- 
logous to (2,5) in the other three cases cannot be 
derived from the above biquaternion representations. 


3. Alternative biquaternions. 
We shall first set up alternatives to (2,1) - (2,2). 


Py, 


Let 


i a%e l+LG + BME. (3,0) 
1-4Q + Drill (3,2) 


it 


and P 


The representation (3,1) is the same as (2,1) and (3,2) 
a 

corresponds to taking ( D, H ) as primary vetors. 

0 ti - a f 

perating on P with the bi-scalar ('42Q)/(H +1) 

we get 


{ 
Y = L+l Pewee 


if we observe that 


Tp = H+ (32a) 


and 


(L+1)( Hi) = (14°) = (14.0) (E., (ie) 
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We can also immediately observe the relations between 


Y ry p dnd 9 In fact 


I 
TG ty oly St (3,4) 
Ty = Sp d TP, = SY, 


| 
i.e. VP are such that the tensor of each biquaternion 


is the scalar of the other. 


+ 
Next, to express 6 2 in terms of D, H 


we can write 
P =A +0b a7 2h 


where = 1+d; bs eee ego (3, §) 
v, = (+20 5 b =-¢Q +D = -£G 4D 
Putting further, 
KE, of Kb, f 
Reh ed ee | 
TP, eh 
we candeduce, just as in Watson's paper, 
LS, 7} = ae 
x (3,6) 
phe 
Also, \ 
—y te 
S=4]%) = tcf p.4] 
| (3,7) 


(Uti) = + Kt (14x Ka, ) ( 
(VH)"= ~¥, ky, (I+ t Kp, ) 










i seed seek ; eer 


oa} i Jos tn ees oe a. 


> G* putas atlsairl 

$7 a 

5 —_ 
e™Mpasee al ee sent ~eothe bmp 


130 


We go now to biquaternions alternative to (2,3)-(2,4) 


and set up 
(3,8) 


oy 


ol 


P, Vi-2M eS +P 7 





ol 


P, 5 Vien ete, +N (3,9) 


where ( as in I ¥ 
es 2 oT 
m= (BB), n=(ER); = (DxB)= (Exd). 
It will be seen that b, and bs are expressed only in 


terms of the primary vectors (B’, D) and (®, A’) res- 


pectively. Also 


a 
Th, 


" 


+B 4D + fo Sinte (BS) = (05) ip 
te Th = Ut! | 
Svmilork, Tp, = V+ 


To express the secondary vectors in terms of the 


(3, /o) 


primary vectors, let us take (3,8) first and consider 


the quaternion 


oe oe 8 (o = Ji-a™ ) 


[a 2 a 
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using the relation, 
—— at 
ul -B+(BxS) — (SeT, p51, (30) 
Similarly, 
—y 
Kt-% = —(D+S) (6 +B) 
cue ~(6+1)(D+5) +M 
Hence 
(6 +1) 4 KE -(0--) KG = ~26 Fue om 


‘ > | M ; 
AR aE =F] tke tifa. ket = (3, 
Again, let v, = 6+D; 8 “ B+5', we Base. 
¥ KS, = -(o4+1) (B +S) + Aue Mm 
using pa ees 
WH = B= (D ees 
Also 
' Kb = ~ (7-1) (B48) -uh'4™M 
Hence, 
(T-1) ¥ K8, - (041) K85, = aeu HW -2M 
. — 
a: Fs i ™ 
le WH = 13%, k8,5 L Jy, ki] +t (3,12) 


Relations (3,11) and (3,12) correspond to (2,5) and 
(3,6) but are not so elegant. 


In a similar manner we can set up relations 
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for the biquaternion P, by suitably choosing 9 fa 
Sages 

4. Generalised action functions. 
Let us first consider Born's action-function in the 
form given by Infeld as the sum of a Lagrangian and 
a Hamiltonian. In the ease where 4 +0, we can 
write this in the form, (See II, 9 9, equation (9,6)), 


but for a numerical term, 
AG = J2¢ t2y +4 (4,1) 
Where @ and \ are the complex invariants given by 
$ “ F+lG 
Ya P~eR 
: ey —>t 72 = 
with Fei (gi), Pe L (0 -H') G=Q-(e) 


(4,2) 


" 


We can also introduce the complex invariant 


f? Seo Reb hg (4,3) 
where K and S_ are given by 

R= 43(8R)-(Be} 

S= 4} (80) +(EM} 


The relations between the invariants (See II, (2,18) 


(2,19)) can be written in the form 


PY =-p> (4,4) 


We proceed to show that it is-possible to set up a 
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biquaternion whose tensor is the action-function (4,1). 


4 _—~ 
let 9 - 0+ B-LE +d +ih (4,5) 
the bi-vector on the right hmd side of (4,5) being 


the sum of the bi-vectors of p, and b whose tensors 


are the Lagrangian and Hamiltonian respe€tively. We 
have 
2 
T9 = w 42h +2y +2 (5+éR) 
( using G = &) 

‘ 4. ; * 

= Q +26 +2p +24¢P (4,6) 
The (x) denoting the complex-conjugate. If (4,6) 
should give the square of (4,1) we should have 


a +aip = Lk 
LA8e Ca. '9 vt—L tp* and the biquaternion 


; — a 
Gea /ji-Ltp™ + B-Lé Pa ae (4,7) 
has its tensor equal to (4,1). It is easy to see 


that the complex-conjugate biquaternion 9" given 
by 


x ‘ 
1 = 2 Vl+5¢P 4 ee Pera (4, 8) 
has also the same tensor as V 


Let u i i 
S now consider in the general case of action. 


functions an interpretation of the parameters A and 


[A CII, 9 6). 
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It is well-known that any gquaternion could be 
reduced to a quotient of two vectors, and similarly 
a biquaternion can be taken as a quotient of two 


bivectors. Consider the quotient biquaternion 


oi 
7 z BLE (4,9) 
> .7 
D +24N 
and let the quaternion?be defined as the logarithm 
of y i.e. 


sg fos 9 (4,/0) 


then, from the definition of the logarithm of a 


quayternion, we have 


Sy = bre To! 
and, Vy, : boa V4 


where 5 and V denote the scalar and vector, and 


(4,1) 


T. and UYU the tensor and versor of the quater- 


nion, 
From (4,9 ) 
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Bey cee (4,12) 
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Thus we have expressed the complex parameter A -m 


as the scalar of a biquaternion. 


There does not appear to exist any simple 


interpretation of the vector ae 
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